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Linear Program

We consider first a linear programming problem:

Z = mincx
subject to Ax =Db (1)
Xx=0

where AOR™: ¢, xOR":bOR™

Deterministic optimisation model inapplicable to
optimum decision making under uncertainty




Random Parameters

et (Q, P) denote a probability space, W@ the realizations
f the uncertain parameters and p(w) the corresponding
robability. Let us denote the realizations of A, b, c for a

 (Abc),=¢, or &)

C’={x|Ax=bx=Q for (Abg  or

We can reconsider (1) as an expected value or an average
alue problem where

& (w)=Elg(w) =Y p(w)é(w)

wl1Q

Z., = min f(x,&)= min cx (2)



Stochastic Programming (SP)

e Mathematical Programming Problem

e Uncertainty in the parameters

A
. /
Concept of scenarios .
Dimensions o
< .
-
>

Temporal horizon
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Classical Stochastic Linear Program
with Recourse

The SLPR is stated as

Z=mn ox+EQ(xw)

subject to  AXx =b (3)
X = 0,

where

Q(x,&w) = min f(w)y
subject to D(w)y = d(w)+ Blw)x  (4)
y = 0.




Two Stage Stochastic Linear
Programs

A two-stage recourse problem is transformed into
a two-stage stochastic linear program:

minZ :cx+E“’[fy“’]
subjectto  AX =b (5
_Ba)X_I_Da)ya) :da)
X, y“=20, wdQ




Two-Stage Recourse
Problem (TSRP)

A OWNPF

O © o0 ~N O Ol
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(Deterministic) Equivalent LP

Let us consider the case of Q being discrete and
finite,and Q as an index set Q={1,...,K}, meaning that
the parameter w may take on K different values:

mnz = cox +p'fy'+p°fy*+..+p"°fy"

subject to  Ax =b
_le+D1y1 :dl
- B%X + D%y* =d* (6)
—BKX+ DKyK :dK

X, v, oy, .. y© =20
0<p®<l and ) p®=10



Multiperiod Linear Model

A general dynamic linear programming problem over the
time horizon [1...T] and is formulated mathematically as:

min CX +GCX + +C X
subjectto A% =Db
Alel T AZZXZ = bZ

As X T ApX, + AgXs = b, (7)

At At At A =Dy
<X <u;t=1..T



Multistage Stochastic Programs (MSP)

min { c, X, + Efz[rr}(lzn C,X, + Eg [mln CoXst oo ¥ Ep e e m|n C; X1 ﬂ}

A X =b
Apxit  AyX, =D,
Ag X+ ApXx + Ags X3 =b, (8)
A+ Appx Ar Xy + + A X, =Dy




Multi-Stage Recourse
Problem (MSRP)

[3Y

A wdN

O © 0o ~N O O

N\ =T —§
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Xpectation of the Expected Value Problem

Let x*,, be the optimum solution of the expected value
problem (2). This solution can be evaluated for all possible
scenarios wl@ and we can determine the corresponding
objective function values and compute the expected value

of the objective function as Z_,,
Z — E L : J
ey & CX,,

Note c is a component of ¢. In particular we note
that x*_, may not be feasible for all c®, that is for
some w, X*,, U C%; in this case we set Z_,, - +.



“Walit-and-See” Approach

The corresponding problem is stated as:

Z” = min cx (9)
subject to xOC”

Let Z,, denote the expected value of Z%, then

Z.. = E|z°]=> z9p(w) (10)



“Here-and-Now" Decision Problem

The value xis chosen such that the expected costs
E(cx) assume a minimum:

Z.. = min E[cx] (11)

where x0UC

and C=()c* (12)
wl1Q

The optimal objective function value Z,  denotes
the minimum expected costs of the stochastic
optimization problem.



Inter Relationship and Bounds

The three solutions Zs, Znn, Zeev are connected by the following ordered
relationship.

Z,.<Z <Z. (13)

The difference (Zn, — Zws) IS known as the expected value of perfect
information (EVPI). Thus

EVPl =27, -7, (14)

There iIs another measure known as the value of the stochastic solution
(VSS) which is defined as

VSS=27_, -7, (15)

Birge shows how the EVPI and VSS can be bounded. These bounds are
given as

O<EVPI<Z, -Z,<Z_-Z
0<VSS<7Z_ -Z,

ev



Chance Constrained Programs (1)

Consider the i'" restriction

2.3% <D (16)
)

We interpret this as satisfying the i restriction with a probability P,

A Tax <0 @

that is, the restriction is always satisfied. We can study the distribution of a;

or that of D, and introduce the chance constraint

R(Za,-x,- < Ejz A (18)

where typically 0.95< 3i< 1; and we interpret that the constraint (16) is
satisfied with probability (; .
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Chance Constrained Programs (2)

If we consider the probability distribution of D; then we can

find a value B; which is the (1-(3;)) fractile of the probability
distribution, that is,

P(D;2B )= B

Having found B; we can replace each occurrence of (16) by
the linear restriction

2.8 <B (19)



Classification of SP problems

Classes

SP
problems

|

Sampling /

|

Split-
variable

Node-
based

|

Instantiation

Compact
(SMPS)
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Modelling and solving (1)

Real ' SP

Solutions

Problem Instance

p = X[ 1, 1] =3. 45
DECI SI ON Y[ 2] =1.0
’ 2 Zkzajkx... X(T, S, VIT]; L m 142,31
SUBJECT TO
I 1 X[ T, Sl <=Y[ T]; .
DEFINITION MODELLING MATRIX GENERATION SOLVING
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Modelling SP (1)

Current AMLs can only be used to
define and generate deterministic
equivalent of SBRP.

Split-variable representations require
non-anticipativity constraints

Node-based representations are
difficult to implement and maintain
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Extending AMLSs for SP (1)

Describe SP models naturally by exploiting
the inherent properties of their random
structure

Keep model and data instances separated

Eliminate redundancy in the generated
matrix

RUNEL .
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Extending AMLSs for SP (2)

Consider SP models as refinement of
deterministic problems by
Introduction of uncertainty

SP models identify:

An underlying deterministic model
Some sort of stochastic information
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SBRP stochastic info

Random coefficients (parameters)
Data paths weights (probabilities)
Structure of the scenario tree
Stages Iinformation (aggregation)
Time structure
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DBRP stochastic info

Time structure

Random coefficients and their
probability distributions

Stages information (aggregation)
Sampling information (optional)
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CCP stochastic info

Random coefficients

Probability distribution of the random
coefficients

Identification of individual and joint
chance constraints
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Example

TI TLE GasPer Tutti

STOCHASTI C
RPSB;

TI ME

T=(0,1);!
SCENARI O

Scen=1.. 3;

PROBABI LI TI ES
PROB[ Scen] = UNI FORM

STAGES
1: 0..0;
2: 1..1;
TREE

TWOSTAGE;
RANDOM DATA
DT, Scen] =

FI LE("demand. dat"); ! Gas denmand

d T, Scen] =

FI LE(" Cost . dat");

Cost per unit of gas

DATA
S[T] = (0,0); !Storage costs
DECI SI ON
Buy[ T] ->X;
Store[T] ->Y,;
StoragelLevel [T] ->Z;
MODEL
MN SUMT: C*X)+SUM T: S*2);
SUBJECT TO
Satisfy[T]:

X[TI+Y[T]>=D[ T] ;

Bal ance[ T] WHERE (T>0):
Z[T]=Z[ T-1]+X[T] -O[ T] ;

Bal ance[ T] WHERE (T=0):
Z[TI=X[T]-O{ T];

Use[ T] WHERE (T>0):
Y[T]<=Z[ T-1];

Use[ T] WHERE (T=0):
Y[ T] =0;
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EVPI and VSS

Year Buy Store Inventory Cost

0 Normal 100 100 100 1100
1 Normal 0 0 0 0
1 Cold 50 0 0 300
1 Very cold 80 0 0 600

oy = % (1403.33+1400 +1635) =1479.44

EVPI = $ 73.33
VSS = $ 79.44 (5.4%)

Reading May 2000

=1100 + % (0+ 300+ 600) = 1400

ws — % (1000 + 1400 +1580) =1326.67
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SPINE

tochastic rogramming ' tegrated
nvironment

Windows 95/NT based
supports SMPL/SAMPL

Integration with Database through
ODBC connection

Integration with Scenario Generators
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SPInE Architecture
(systems)

User | nterface

7
i

Results Filter

| —

Stochastic Decomposition Expected Value Bender Deconposition

ﬁ Modeling Subsystem n Analysis Subsystem
Control Subsystem Solving Subsystem
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SPInE Architecture
(components)

[ DB : SPINE ) [ y
Viewers L GUI Editors
J

Data

analysis SPInE
Core

Scenario sp
Generators
Generator
Modelling
engine

= Structure

= QOptions

=== Data flow

% Data files
D SW modules

SP
Reporter

SP
Solvers
SP

Converter

ODBC
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Scenario generator

Highly specialised applications

Any scenario generator can be
attached

Control communication protocol
Database Interface

“Standard” simulation/sampling
routines are provided
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Scenario generator

SPInE Kernel
run get set
param param

|
E 9
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Modelling subsystem

Support of MPL/AMPL/Optimax2000
modelling engines

SMPL/SAMPL pre-processor
SPG (Stochastic Program Generator)
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SPG module

Instantiation of a SMPL/SAMPL model
Compact matrix output

: Options
Algebraic
DATA Model and
controls
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SP instance generation

|terative Process:
1. Extract Stochastic Information
2. Create underlying deterministic AM template
2. Create sub-instance for current scenario
3. Update global instance

4. Back to 2. Until all scenarios have been
processed
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Modelling subsystem

Support of MPL/AMPL/Optimax2000
modelling engines

SMPL/SAMPL pre-processor
SPG (Stochastic Program Generator)
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Solving Subsystem

Three strategies:
Scenario Analysis Solution
Expected Value Solution
Stochastic Solution (Here and now)

Based on FortMP
SMPS and SIR input

Any other SP solver can be used thanks to
SMPS
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Solver

Embedded Algorithms:
Scenario Analysis
Expected Value
(*Nested) Benders Decomposition

Deterministic Equivalent (Simplex &
Interior Point)

Lagrangean relaxation & importance
sampling
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Analysis Subsystem

Database analysis tools & viewers
Enables Advanced Analysis

Simplifies deduction of relevant
Information

Solution Filter (Reporter)
Reduces redundancies on decisions

RUNEL
IVERSITY
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Control Subsystem

User Interface
Deep Interaction with subsystems

Based on concept of project
Models and Data Instances management
Simplifies maintenance and investigation
Allow validation/evaluation

Reading May 2000
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Control Subsystem

SPInE Kernel

Controls and drives the information flow
of the application

Dictionary

Translation of variable and constraint
names
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Validation/ZEvaluation

Assessment based on EVPI & VSS

Simulation on out-of-sample
scenarios

Reading May 2000
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Prototype user interface (1)

K SPInE - [GasPerT utti] —10O] x|
“ﬂ File Edit Progect Model Generate Solve Filter Tool: Wiew Window  Help - |E‘|E|
D|=|E| & E=e] S(2

Project: GasPerTuth Ed |

Zﬂ bodel: Simple

-------- M Inztance: SmallScenarios

-------- @ [nztance: BigScenarnioz

todel: ComplexaPT

Ready [ [NUM [SCRL 4
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Prototype user interface (2)

EimMP.smpl - =] E3
Eile Edit Generate Solve Filter Tools Yew Window Help
) =2 I A = )
Model: MP
Number of scenarios: 3
NMumber of stages: 2
Ready NUM | 4
Reading May 2000 45



Prototype user interface (3)

v MPL for Windows 4.0 - [D:A\5Pine\5tochastic Models\Distribution\Clothing. smpl]
File Edt Search Progct Bun Wiew Graph Option:  Window Help _|E|5|

= E E B EEEE A EE N E R R E

ScenProb[scenario] = Database{tblScenProb, probability};

N I I R R R R R N RN AT R TR N AR AT R RN AR 010017
' ® SPInE - [Clothing] IS[=] E3
ML I ) R Edi B Fiter Taols View ‘Window Help NEIEY

Project Model Generate

MODEL e = = 2l &% ienders Decomposition [HN]
| | | | | | | | Deteminiztic Equivalent [HM]
Hin Cost Stochastie Mecompositiar [HH]
Expected YWalue [EY]
Scenanio Analysiz w5
SUBJECT TO
LIk
DealerRe froererrerrerrproaaoe ———e . 2

SUM{factory: Send(tyi) + Shortage1 =DealerReq1 ;
DealerRequirementScen[product, dealer, timeperiod, scenario]:
SUM{factory: Sendty) + Shortage = DealerReq ;

InventoryBalanceQ1Time1[product, factory]:

ProdQty1 + InitialInventory = Inventoryl + SUM{dealer: SendQty1) ;
InventoryBalance23cen[product, factory, timeperiod=2, scenario]:

Prod(ty + Inventoryl = Inventory + SUM{dealer: Sendfty} ;
InventoryBalance(34Scen[product, factory, timeperiod>2?, scenario]:

FrodQty + Inventory[product, factory, timeperiod:=timeperiod-1,scenario]

= Inventory + SUM{dealer: Sendty) ;

| |
Main model file: NewsboyDEQ.mpl | 3319 | |

ol
4
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