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Asset and Liability Models Asset and Liability Models 
under Uncertaintyunder Uncertainty

�� The basic concepts were developed by:The basic concepts were developed by:
�� KallbergKallberg, White, and , White, and Ziemba Ziemba (1982)(1982)
�� Kusy Kusy and and Ziemba Ziemba (1986)(1986)

�� Large Scale Applications include:Large Scale Applications include:
�� MulveyMulvey, Gould, and Morgan (2000) “An Asset and Liability , Gould, and Morgan (2000) “An Asset and Liability 

management system for the Towers Perrinmanagement system for the Towers Perrin--TillinghastTillinghast””
�� CarinoCarino andand ZiembaZiemba, &, & CarinoCarino, Meyers, and, Meyers, and ZiembaZiemba

(1998)“(1998)“RusselRussel--Yasuda Kasai model” Yasuda Kasai model” 
�� ConsigliConsigli and and DempsterDempster (1998) “The CALM stochastic (1998) “The CALM stochastic 

programming model for dynamic ALM”programming model for dynamic ALM”
�� DertDert (1995) “A dynamic model for ALM for defined benefit (1995) “A dynamic model for ALM for defined benefit 

pension funds”pension funds”
�� ZeniosZenios (1995) “Asset and Liability management under (1995) “Asset and Liability management under 

uncertainty”uncertainty”
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An ALM Stochastic An ALM Stochastic 
Programming ModelProgramming Model
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Model ComponentsModel Components
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An ALM Stochastic An ALM Stochastic 
Programming ModelProgramming Model
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Model ConstraintsModel Constraints
��Asset holdings constraintAsset holdings constraint::

�� C1C1. HHistist = = HHi0 + i0 + BBistist -- SSistist ,, t = 1, i=1t = 1, i=1……n, s=1n, s=1……SS

�� C2. C2. HHistist = = HHistist--1 + 1 + BBistist -- SSistist ,   t = 2,   t = 2……T, i=1T, i=1……n, s=1n, s=1……SS

�� Fund balance constraintFund balance constraint

�� C3.C3. PPistist (1+tr(1+trii))BBistist =     =     PPistist (1(1--trtrii))SSistist -- LLtsts + F+ Ftt,,

t = 1t = 1……T, s=1T, s=1……SS
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Model Constraints Model Constraints 
��RiskGradesRiskGradesTM  TM  ((JPMorganJPMorgan -- RiskMetricsRiskMetrics) ) 

based classification of risk based classification of risk 
groupsgroups……partitions asset set N={1partitions asset set N={1……n}n}
�� ggkk⊆⊆ NN , k =1, k =1……KK

��Risk Groups constraint:Risk Groups constraint:

�� ,,

�� C4.C4. HHist   ist   <<<<<<<< ρρρρρρρρκκκκκκκκ∗∗∗∗∗∗∗∗ HHist ist ,  t=1,  t=1……T, s=1T, s=1……SS

�� ..

��S&P100 is the benchmarkS&P100 is the benchmark
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Model ConstraintsModel Constraints
��NonNon--anticipativity Constraintsanticipativity Constraints

�� C5.1C5.1 Amount of asset classes/stocks the investor Amount of asset classes/stocks the investor 
holdsholds

HHistist -- HHisis’’tt = 0,= 0, t=1, s=1, t=1, s=1, ∀∀ i=1i=1……n, sn, s//=2=2……SS

�� C5.2 C5.2 Amount of asset classes/stocks the investor Amount of asset classes/stocks the investor 
buysbuys

BBistist -- BBisis’’tt = 0,= 0, s=1, t=1 s=1, t=1 ∀∀ i=1i=1……n, sn, s//=2=2……SS
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Downside RiskDownside Risk

�� The definition was introduced by The definition was introduced by Bawa Bawa 
(1975) and (1975) and Fishburn Fishburn (1977)(1977)

�� Penalise Penalise only negative returns relative to a only negative returns relative to a 
given benchmark given benchmark –– target target θθ

�� RRγγ = Ε  = Ε  ([([max{max{θθ−−x,0x,0}}]]α α )  =     ()  =     (θθ−− x)x)ααdFdF(x)(x) , , αα>>00
�� F(x)F(x) : the probability distribution function over : the probability distribution function over 

portfolio returnsportfolio returns xx
�� αα = 0 : = 0 : Shortfall ProbabilityShortfall Probability
�� αα = 1 : = 1 : Expected Shortfall Expected Shortfall 
�� αα = 2 : = 2 : Downside VarianceDownside Variance

� ∞−

θ



Downside RiskDownside Risk
��Downside Risk ConstraintDownside Risk Constraint

�� C6.1C6.1 AAt t -- ≤≤ RRtsts , , 

t=2..T, s=1t=2..T, s=1……S.S.

�� C6.2C6.2 ππss RRtsts ≤≤ (1(1--γγ) *   ) *   

0 0 ≤≤ γγ ≤≤ 1, i = 11, i = 1……n, t = 2n, t = 2……T and s= 1T and s= 1……SS
�� : maximum amount of downside risk the portfolio can have : maximum amount of downside risk the portfolio can have 

each time periodeach time period
�� RRtsts: the downside risk for each scenario: the downside risk for each scenario
�� AAtt : target level: target level
�� γγ : parameter representing the risk aversion of the investor.: parameter representing the risk aversion of the investor.
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Value at RiskValue at Risk
�� JP Morgan (1994), JP Morgan (1994), UryasevUryasev et al. (1999), et al. (1999), 

BucayBucay et al. (1999), et al. (1999), RockafellarRockafellar && UryasevUryasev
(2000)(2000)

�� VaRVaR:The level of underperformance for a :The level of underperformance for a 
given portfolio with probability given portfolio with probability ββ

�� ΨΨ(x, (x, αα)=     )=     p(x,y)p(x,y)dydy

-- The probability that the loss function The probability that the loss function f(x,y) f(x,y) does not does not 

exceed some threshold value exceed some threshold value αα

�� VaRVaR(x, (x, ββ) = min {) = min {α α ∈∈ R | R | ΨΨ(x, (x, αα) ) >> ββ}}

�
≤ayxf ),(



Value at RiskValue at Risk

�� cVaRcVaR:The mean of the level of under :The mean of the level of under 

performance for a given portfolio with performance for a given portfolio with 

probability probability ββ

�� cVaRcVaR(x,(x,ββ)= (1)= (1--ββ))--11 f(x,y)p(y)d(y)f(x,y)p(y)d(y)

�� cVaR cVaR >> VaRVaR
�� cVaR cVaR can be can be minimised minimised for discrete scenarios for discrete scenarios 

within the linear programming framework and within the linear programming framework and 
we extend it to the SP settingwe extend it to the SP setting

�
≥ ),(),( βxVaRyxf



cVaRcVaR

��cVaRcVaR Risk Constraint (C7)Risk Constraint (C7)

�� {(F{(F00+H+Hi,0i,0*P*Pi,0 i,0 ))--(F(Ft t -- LLt,s t,s + H+ Hi,ti,t--1,s1,s*P*Pi,t,si,t,s)} )} –– ααtt << zzss,t                      ,t                      , , 

t = 1,  s=1t = 1,  s=1……SS

�� {(F{(Ftt--1 1 -- LLtt--1,s 1,s +H+Hi,ti,t--1,s1,s*P*Pi,ti,t--1,s1,s))--(F(Ft t -- LLt,st,s+ H+ Hi,ti,t--1,s 1,s *P*Pi,t,s i,t,s )} )} –– ααtt<< zzss,t  ,t  ,,

t = 2t = 2……T,  s=1T,  s=1……SS

�� ααtt + S+ S--11*(1*(1--ββ) ) ––1 1 ** zzstst << ϖϖtt
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Model specific characteristics Model specific characteristics 
and dataand data

�� 59 stocks constituting the S&P10059 stocks constituting the S&P100
�� 12 months planning horizon12 months planning horizon
�� Rebalancing in months 2 and 6 Rebalancing in months 2 and 6 The level of The level of 

underperformance for a given portfolio with underperformance for a given portfolio with 
probability probability ββ

�� 240 scenarios240 scenarios
�� Classification of stocks into 5 Risk GroupsClassification of stocks into 5 Risk Groups
�� 5 risk profiles:5 risk profiles:

�� Minimum, Medium Low, Medium, Medium High, Minimum, Medium Low, Medium, Medium High, 
and High riskand High risk

�� 10 years 10 years backtestingbacktesting



Two Stage Scenario TreeTwo Stage Scenario Tree
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Rolling DecisionsRolling Decisions
��Why rolling ?Why rolling ?

�� Data and information in the financial markets is Data and information in the financial markets is 
continuously updatedcontinuously updated

�� In real life applications only the first stage In real life applications only the first stage 
decisions are followeddecisions are followed

��What do we achieve ?What do we achieve ?
�� We simulate the actions taken by the financial We simulate the actions taken by the financial 

institution or the investorinstitution or the investor
�� We simulate the impact that these actions have on We simulate the impact that these actions have on 

the portfolio wealththe portfolio wealth
�� We gain some insight into the We gain some insight into the behaviourbehaviour of the of the 

models in respect of historical datamodels in respect of historical data



Rolling DecisionsRolling Decisions
��Explanation of the frameworkExplanation of the framework
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Visual Demonstration of Visual Demonstration of 
ResultsResults
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Computational ResultsComputational Results
Y e a r R is k  P ro fi le S P  D o w n s id e S P  V a R Q P
1 9 8 9 M in 4 0 .6 3 % 3 9 .7 4 % 3 4 .5 8 %

M e d iu m  L o w 4 5 .9 0 % 4 1 .5 8 % 4 2 .6 7 %
M e d iu m  4 9 .7 4 % 5 2 .5 2 % 4 5 .7 9 %
M e d iu m  H ig h 4 9 .1 1 % 4 1 .6 8 % 4 1 .5 3 %
H ig h 4 0 .5 5 % 4 3 .7 5 % 3 3 .4 6 %

1 9 9 0 M in -8 .2 7 % -7 .1 4 % 2 0 .0 4 %
M e d iu m  L o w -6 .5 0 % -4 .0 9 % 1 0 .4 6 %
M e d iu m  -6 .3 6 % -9 .5 4 % 8 .4 7 %
M e d iu m  H ig h -5 .0 8 % -1 4 .6 7 % 8 .9 1 %
H ig h 1 .0 6 % 0 .8 0 % 1 0 .5 9 %

1 9 9 3 M in 1 5 .1 5 % 2 0 .2 0 % 5 .9 2 %
M e d iu m  L o w 2 0 .0 6 % 2 0 .1 6 % 5 .7 9 %
M e d iu m  2 0 .8 4 % 2 1 .9 0 % 4 .3 9 %
M e d iu m  H ig h 2 1 .6 1 % 2 2 .2 1 % 4 .6 8 %
H ig h 2 6 .3 0 % 2 8 .7 9 % 6 .3 9 %

1 9 9 8 M in 5 0 .8 5 % 5 0 .4 1 % 4 .0 4 %
M e d iu m  L o w 4 5 .6 1 % 5 0 .3 2 % 4 .5 3 %
M e d iu m  4 6 .5 0 % 3 9 .6 5 % 4 .6 0 %
M e d iu m  H ig h 4 6 .9 2 % 4 1 .9 6 % 3 .3 2 %
H ig h 4 6 .5 0 % 4 2 .7 5 % 1 0 .2 7 %



And in the end when it all And in the end when it all 
gets too much...gets too much...


