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Abstract

The problem of deciding how to land aircraft approaching an airport involves assigning each aircraft to an appro-
priate runway, computing a landing sequence for each runway and scheduling the landing time for each aircraft. Run-
way allocation, sequencing and scheduling for each aircraft must ensure the scheduled landing time lies within a
predefined time window and meet separation time requirements with other aircraft. The objective is to achieve effective
runway use.

In this paper, the multiple runway case of the static Aircraft Landing Problem is considered. Two heuristic tech-
niques are presented: Scatter Search and the Bionomic Algorithm, population heuristic approaches that have not been
applied to this problem before.

Computational results are presented for publicly available test problems involving up to 500 aircraft and five run-
ways showing that feasible solutions of good quality can be produced relatively quickly.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction traffic controllers. When entering the airport radar
range, the aircraft’s flight number, altitude and

Before actually landing at an airport, an aircraft speed are transmitted to controllers within the air
must go through an approach stage directed by air traffic control tower. Based on this information,

controllers give instructions relating to the ap-
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flow of aircraft entering the radar range onto the as-
signed runway(s). The capacity of runways is highly
constrained and this makes the scheduling of land-
ings a difficult task to perform effectively. Because
of environmental, political and geographical con-
straints, capacity cannot be easily increased by
building new airports or runways. Therefore there
is a need to develop effective decision support tools
that provide useful help to controllers.

The decision problem that air traffic controllers
face repeatedly over time is: which aircraft should
land next and when should it land? As some air-
ports have several runways, it is possible that more
than one runway is available for landings. In that
case, air traffic controllers face an additional deci-
sion: which runway should be allocated to the next
incoming aircraft?

In the single runway situation the landing se-
quence adopted for incoming aircraft is often
decided in a first-come first-served manner. The
first aircraft that enters the radar range must land
first, the second aircraft that enters lands second
and so on. When multiple runways are present,
the first-come first-served manner is also often used
such that aircraft land on their allocated runway, in
the same order they appeared in the radar range.
The scheduling of an appropriate landing time for
each aircraft is constrained by its characteristics.
When an aircraft enters the radar range, a target
(preferred) landing time is defined as the time the
aircraft could land if it flies straight to the runway
at its cruise (most economical) speed. This target
landing time is bounded by an earliest landing time
and a latest landing time. The earliest landing time
is determined as the time the aircraft could land if it
flies straight to the runway at its fastest speed with
no holding. The latest landing time is determined as
the time the aircraft could land if it is held for its
maximal allowable time before landing. The time
that elapses between an aircraft’s earliest time and
latest time is called its time window. Hence, sched-
uled landing times as decided by air traffic control-
lers must lie within aircraft time windows.

The flow of incoming aircraft is not homoge-
neous, it contains different aircraft types. All air-
craft in flight create wake vortices at the rear of
the aircraft. These vortices have a chaotic evolu-
tion and can cause serious turbulence to a closely

following aircraft, even to the extent of a crash
[30]. In order to maintain an aircraft’s aerody-
namic stability, separation distances based on the
preceding aircraft types must be respected during
landing. In our research separation distances are
dealt with by converting them into separation
times using a fixed landing speed depending on
the aircraft type. These separation times are the
main limiting factors on runway usage and these
constraints mainly apply for aircraft landing on
the same runway. If several runways are available
for landing the application of such constraints for
aircraft landing on different runways depends
upon the relative positions of the runways.

Aside from the above constraints the problem
also includes some objective relating to making
effective use of fixed runway capacity. In this paper
we consider the static (or off-line) version of the
problem, where the set of aircraft that are waiting
to land is known. This contrasts with the dynamic
(or on-line) case where decisions about each air-
craft must be made as time passes, aircraft land
and new aircraft appear.

In this research, we want to consider other land-
ing sequences than the common first-come first-
served sequence. Because this implies searching
through a wide solution space, usual exact solution
techniques would require too much time regarding
the considered problem to get to the solution. Pop-
ulation based heuristics mixed with problem specific
knowledge are techniques able to produce solutions
of good quality in a reasonable amount of time
when the solution space is very large. Scatter Search
is a well-known such technique and has already been
applied with success to various scheduling problems.
Therefore we are interested in observing how it per-
forms for the Aircraft Landing Problem. We also
apply the Bionomic Algorithm, which is less well-
known than Scatter Search and uses more structured
procedures, to compare with Scatter Search results.

Section 2 presents a formulation of the Aircraft
Landing Problem as a mixed-integer zero-one pro-
gram. Section 3 reviews some recent approaches
for the Aircraft Landing Problem and discusses
previous work involving population based heuris-
tics to address this problem. The rationale of pop-
ulation heuristics is explained in Section 4 along
with an overview of Scatter Search and the Bio-
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nomic Algorithm. In Section 5 we present algorith-
mic details for these two heuristics. Results for
both algorithms when applied to problems involv-
ing up to 500 aircraft and five runways are pre-
sented and discussed in Section 6. Conclusions
are given in Section 7.

2. Formulation

This section presents a mixed-integer zero-one
formulation of the static multiple runway Aircraft
Landing Problem that is based on the formula-
tions presented in [6-8].

2.1. Notation and decision variables
We define

P the number of aircraft waiting to land,

R the number of runways available for landing,
E;, T; L; the earliest, target, latest landing time
(resp.) for aircraft i, i € {1 --- P},

S;; = 0 the separation time between aircraft i and j
where i lands before j on the same runway,

(i, j) € {1+ P} i # j,

s; = 0 the separation time between aircraft 7 and j
where i lands before j on a different runway,

(i, j) € {1 -+ P} i # J.

As we deal with the static case, the number of
aircraft P is fixed and known beforehand together
with all information about each aircraft. In this
notation, separation times S;; and s;; are not aircraft
type dependent, they are uniquely defined for each
pair of aircraft. Practically, this enables other pos-
sible time requirements depending on flight charac-
teristics and approach corridors used to be taken
into account in addition to the aircraft type based
separation time. In our formulation below, it is as-
sumed that the separation times s;; that apply when
aircraft 7 and j land on different runways, are inde-
pendent of the runways’ configuration.

We use the decision variables

1 if aircraft / lands on runway r,
Zy = ie{l---P}, re{l---R},
0 otherwise.

1 if aircraft i and j land on the same

V= runway, (i,j) € {1--- P}, i #,
0 otherwise.

1 if aircraft i lands before aircraft j,

Sy = (i) € {1---PY, i #J,
0 otherwise.

x; = 0 the scheduled landing time for aircraft
iief{l--- P}.

2.2. Constraints

2.2.1. Time window constraints

For each aircraft waiting to land, its scheduled
landing time must lie within its time window.
The formulation is straightforward:

Actually, a more algorithmically convenient
formulation is used in this paper that makes use
of a proportion of the time window. We define y;
the proportion of the time window that elapses be-
fore aircraft i lands, i € {1 --- P}. This proportion
is related to the corresponding scheduled landing
time via:

X; :El+yl(L7_El) (2)

The time window constraints are now formulated
as:

0<y <1 Vie{l---P}. (3)

Hence, if all the y; are always between zero and
one, the time window constraints are automati-
cally satisfied.

2.2.2. Separation time constraints

Separation time constraints are conditioned by
the landing order of aircraft and their assigned
runway. Considering the landing order, either air-
craft i or j must land first:

S+ 0 =1 V(j)e{l---PY, i#]. “)

Considering the runway allocation, if aircraft 7 and
j land on the same runway, so too must aircraft j
and 7
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Yij = Vji V(i,j)€{1~--P}2, i (5)

Then separation constraints must ensure that,
when aircraft 7 lands first, aircraft j lands §;; time
units after i if they are assigned to the same run-
way or s; time units after i otherwise:

Xj Z X; JrSijVij +Sij(l - Vij) — Moy
V(i,j) € {1---PY, i#j, M >0, (6)

where the role of M is to ensure that the equation
is redundant if j lands before 7 (9; = 1).

2.2.3. Multiple runway constraints

Constraints relating to runway allocation must
be considered. First, each aircraft is assigned one
and only one runway:

R
d z=1 Vie{l---P}. (7)
r=1
Second, when aircraft i and j are assigned to land
on the same runway, some constraints must ensure
that the runways assigned to aircraft i and j are
identical:

Vi =z tzp—1 VY(i,j) € {1...Py,
i<j, re{l---R}. (8)

2.3. Objective

To complete the formulation, it remains to define
the objective function. In air traffic management,
deviation from target times is a key factor [8]. It is
also useful to have the ability to change the objec-
tive having regard to air traffic density or weather
conditions, for example. Due to these requirements,
we consider in this paper two different objectives,
both based on deviations from target times.

2.3.1. Non-linear objective

This objective uses a non-linear function and is
based on the difference between the scheduled
landing time and the target time. We define d; =
x; — T; the deviation from the target time for air-
craft i, i € {1 --- P}.

If this deviation is positive, then the aircraft is
landing after its target time. This is not an ideal sit-
uation and so is penalised, the corresponding con-

tribution to the objective function for this aircraft
is arbitrarily set to —d>. On the other hand, if the
deviation is negative, then the aircraft is landing be-
fore its target landing time which is preferred, so the
corresponding contribution is set to +d,.2. The objec-
tive is to maximise the overall aircraft contribution:

{_ﬁ if d; >0,

P
maximise Z D;, D;= 5 .
. +d; otherwise.

i=1

The complete formulation with the non-linear
objective is to maximise (9) subject to (1), (4)-
(8). This formulation of the static multiple runway
Aircraft Landing Problem is a non-linear mixed-
integer zero—one program whose objective is to
make all aircraft land as early as possible. This
objective is more likely to be applied when a high
traffic density occurs and efficient and effective use
of runway capacity must be made.

The nature of this objective is such that, for a gi-
ven sequence of aircraft, each aircraft should be as
close to the preceding aircraft as can be achieved
within the time window and separation constraints.
We chose to name this property the close-up prop-
erty. As will become apparent below, the advantage
of an objective having this property is that, given a
landing sequence, it is possible to compute optimal
landing times in a polynomially bounded manner.

2.3.2. Linear objective

This objective uses a cost for each aircraft line-
arly dependent on deviation from target time. So
it is a linear (or more accurately linearisable) objec-
tive. Fig. 1 presents this variation in cost within the
time window of an aircraft i. At target time, the
cost is zero. If landing occurs before the target time,
the corresponding cost of deviation is deduced

cost

9i

0 E T, L; time

Fig. 1. Variation in cost for an aircraft within its time window.
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from slope g; and similarly, if landing occurs after
the target time, the cost is deduced from slope 4;.

The cost presented here (and indeed also for the
non-linear objective above) is not the overall cost
involving in landing an aircraft but rather the
additional cost that occurs when an aircraft is
not landing at its target time. We define

o; = max(0,7T; — x;) the deviation before target
time for aircraft 7, i € {1 --- P},

p; = max(0,x; — 7;) the deviation after target
time for aircraft i, i € {1 --- P}.

The cost corresponding to landing aircraft 7 is
then expressed as a;g; + f;4;. If aircraft i lands on tar-
get, both o; and f3; are equal to zero and then the cost
assigned to its landing is zero. When aircraft i does
not land on target, either o; or f5; is non-zero and
so there is a strictly positive cost incurred by this
landing. The objective is to minimise the overall cost:

P
minimise Z(oc,-gi + Bihy). (10)
pam

Additional constraints are introduced in order
to link o; and f; to the decision variable x;:

=T, —o+f Vie{l---P}, (11)
0<o;<T;,—E Vie{l---P}, (12)
o, =T, —x; Vie{l---P}, (13)
0< B <L—T: Vie{l---P}, (14)
B =x—T: Vie{l-- P} (15)

The complete formulation with the linear objec-
tive is to minimise (10) subject to (1), (4)—(8), (11)—
(15). This formulation of the static multiple run-
way Aircraft Landing Problem is a linear mixed-
integer zero-one program, with O(P?) variables
and O(P?) constraints, where the objective is to
make all aircraft land as close as possible to their
target time. This objective could be applied when
a reasonable traffic density holds.

2.4. Extensions

There are a number of extensions to the above
formulation of the Aircraft Landing Problem that

are worth mentioning. All of these extensions re-
late to introducing runway dependence into the
problem.

2.4.1. Runway dependent earliest, target and latest
times

In the above formulation we have assumed
that the earliest, target and latest times are inde-
pendent of the runway chosen for landing. In
practice this may not be so, in particular, aircraft
close to the airport may well have significantly
different earliest times for different runways.
Extending our formulation to incorporate runway
dependence in relation to these times is easily
done. We define E7, T7, L] the earliest, target, lat-
est time (resp.) for aircraft i, i€ {l --- P}, on
runway r, r € {l --- R}.

Then the following constraints are introduced
to ensure that the earliest, target, latest times pre-
viously used are correctly associated with the
appropriate earliest, target, latest time correspond-
ing to the runway used:

E = iEfzir, T, = ZRj Tz, Li= ZR:L,%
r=1 r=1 r=1
Vie{l---P}. (16)

2.4.2. Runway dependent separation times

In the above formulation we have assumed that
the separation time S;; for two aircraft i and j land-
ing on the same runway is also independent of the
runway chosen. In practice this may not be so,
because for example, noise abatement procedures
may require a different separation time between i
and j if they land on one runway than if they land
on another one. Extending our formulation to
incorporate runway dependence in relation to sep-
aration times is easily done. We define S}, > 0 the
separation time between aircraft i and j where i
lands before j on runway r, (i,j) € {1--- P}>
i#j,re{l---R}.

Then the following constraint is introduced
to ensure that the separation times previously
used are correctly associated with the appropriate
separation times corresponding to the runway
used:
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R
Sy=3 Sizazy V) e{l---PY, i) (17)
r=1

While Eq. (17) is non-linear, it can be linearised to
ensure that the formulation of the Aircraft Land-
ing Problem including runway dependent separa-
tion times remains linear. In brief this is done by
introducing a variable f; and replacing Eq. (17)
by the constraints f > 0, f} > Sj(zi +2; — 1)
and S; = 3%, f7. With the addition of Eq. (17),
the S;7;; term in Eq. (6) becomes non-linear. In or-
der to maintain Eq. (6) linear, this term can be re-
placed by Sy, since from Eq. (17), S;; will be zero if
aircraft 7 and j land on different runways.

2.4.3. Runway restrictions

It can happen that certain aircraft cannot make
use of certain runways because, for example, a par-
ticular runway is too short for the considered air-
craft to land on. This is easily dealt with in our
formulation by setting z;, = 0 if aircraft i/ cannot
use runway r.

Amending the heuristic algorithms presented in
this paper to incorporate all of the above exten-
sions is relatively trivial. For reasons of space,
we shall only briefly indicate the major changes
that are needed to our heuristics to incorporate
these extensions.

3. Previous literature

The Aircraft Landing Problem formulation pre-
sented in the previous section is largely based on
the work presented in [6]. After relaxing binary
variables and strengthening the formulation with
additional constraints, the problem is solved opti-
mally in that paper with a linear programming
based tree search algorithm. Computational re-
sults are presented for instances from OR-Library
[4] involving up to 50 aircraft and four runways. A
detailed review of published work addressing the
Aircraft Landing Problem can be found in [6]
and so in this paper we mainly consider work addi-
tional to that considered there, or work that makes
use of a population based heuristic approach.

A heuristic algorithm is presented in [27] based
on the segmentation of time. The time horizon is

divided into time segments that determine sub-
problems of the Aircraft Landing Problem. Each
subproblem is formulated as a mixed-integer
zero-one linear problem as in [6] and solved opti-
mally in turn. Computational results are presented
for instances from OR-Library [4] and for ran-
domly generated instances involving up to 75 air-
craft and four runways.

The work presented in [18] is a comparison of
several type of algorithms for solving the Aircraft
Landing Problem. Amongst these are a mixed-
integer zero—one linear formulation, an integer lin-
ear formulation using time discretisation and two
heuristic local search approaches. Computational
results are presented for the single runway case
and for three types of instances (including some
from OR-Library [4]) involving up to 112 aircraft.

Theoretical results are presented in [2] about
policies to route aircraft to two runways using a
queuing system where the arrival process is mod-
elled as a superposition of independent Poisson
processes and the separation times are regarded
as dependent service times. In [3] the same authors
examine the implications of the aircraft queuing
process for airport capacity.

In [9] the multiple runway Aircraft Landing
Problem with an objective having the close-up
property is addressed using four genetic schemes.
Three of these schemes use a genetic algorithm
approach while the other scheme uses a genetic
programming approach. In one of the genetic
algorithm schemes the representation adopted re-
lates to the order in which aircraft land and the
runway they land on, while in the other two genet-
ic algorithm schemes the representation adopted
relates to the order in which aircraft land (the allo-
cated runway being decided using a heuristic pro-
cedure). Computational results are presented for
one instance involving 12 aircraft and three run-
ways. A recent paper [23] builds upon the work
presented in [9] and computational results are pre-
sented there for four instances involving up to 20
aircraft and five runways.

In [17] the multiple runway Aircraft Landing
Problem is addressed using a heuristic approach
and an exact approach. The heuristic approach in-
volves a genetic algorithm to search a perturbation
space. The exact approach is implemented as a
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branch and bound algorithm. Pre-processing steps
involving time window tightening and partial
ordering based on problem data or an upper
bound are used. Computational results are pre-
sented for instances from OR-Library [4] involving
up to 50 aircraft and four runways.

A genetic algorithm and a branch and bound
algorithm are presented in [1] for the Aircraft
Landing Problem. For the genetic algorithm, pos-
sible solutions are represented by individuals
whose genes are the landing times of each aircraft.
Results are presented for the single runway case
for instances randomly generated using an air traf-
fic simulator involving up to 20 aircraft.

In[14,15]a genetic algorithm is presented for the
Aircraft Landing Problem. In this algorithm, land-
ing times are allocated by specifying a 30 seconds
time slot. The representation adopted encodes
for this time slot with infeasible solutions being
penalised. The approach is limited to at most two
runways since runway allocation uses a zero-one
representation. Computational results are pre-
sented for two data sets involving 28 and 29 aircraft
and two runways. The approach is also applied to
the dynamic case of the problem.

In [8] a population heuristic is presented for the
single runway Aircraft Landing Problem where the
objective function involves deviations from target
time. The objective function used is a squared
function of deviations. Individuals generated by
this heuristic are assigned an unfitness value to
quantify constraint violation if an individual cor-
responds to an infeasible solution. Results are pre-
sented for a problem instance based on
observations during a busy period at London Hea-
throw airport. In [7] the algorithm developed in [8]
is incorporated into approaches for solving the dy-
namic case of the problem.

4. Population heuristics
4.1. Overview

Population heuristics are based on the princi-
ples of selection and mutation, the main concepts

of Darwin’s theory of evolution. They mirror evo-
lution in performing manipulations on individuals

which represent possible solutions to the consid-
ered problem [5]. Each individual is encoded using
a set of chromosomes that define the problem’s
variables. The fitness of an individual is evaluated
with respect to the quality of the solution it repre-
sents. An initial population of individuals is gener-
ated and operators that model genetic selection,
mating and other processes are defined and ap-
plied to the population individuals. The standard
and most widely known population heuristics are
genetic algorithms, whose general framework is
presented below:

generate an initial population
repeat
select individuals from the population to be
parents
create new individuals as combinations of
selected parents
optionally mutate the children
select the children to insert into the population
select the individuals to remove from the
population
until termination, whereupon report the best solu-
tion encountered

The difference between standard genetic algo-
rithms and other population heuristics relates to
the strategies used to implement the steps of this
framework. Operators involved in genetic algo-
rithms are mainly random procedures that could
be applied to any type of problem. Other popula-
tion heuristics, such as Scatter Search and the Bio-
nomic Algorithm used in this paper, involve
deterministic procedures that can include problem
specific knowledge. As there exists a large number
of possible approaches to the steps involved in a
population heuristic, a major consideration is to
choose appropriate approaches that will achieve
good algorithmic performance.

In particular, it is important to achieve a good
balance between procedures that intensify the
solution search and procedures that diversify this
search.

Finally, as by their very nature population
heuristics create new solutions as combinations
of previous solutions, individuals that violate
some problem constraints can be generated. These
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individuals map to infeasible solutions in terms of
the problem considered and such infeasible solu-
tions must be appropriately dealt with. Standard
ways to handle infeasible solutions are described
in [5].

4.2. Scatter search

By contrast to genetic algorithms driven by ran-
domisation, Scatter Search relies on deterministic
processes influenced by the problem’s context
and having special properties for exploiting combi-
natorial optimisation problems, such as the Air-
craft Landing Problem. The specific features of
Scatter Search are: individuals are not limited to
binary representation; selected parents are not re-
stricted to two; parent mating is structured as a lin-
ear combination; a local improvement procedure is
applied to all individuals.

A general description of Scatter Search and
Path Relinking, its generalised form, is given in
[21]. Tt synthesises the underlying principles to
these two approaches and describes many designs
to implement Scatter Search and Path Relinking
strategies. Each of the articles [19,20,22] empha-
sises a specific feature of the Scatter Search process
and how it can be adapted to different optimisa-
tion problems. A general framework for Scatter
Search is

generate an initial population called the reference
set
improve each individual in the reference set
repeat
select a subset of the reference set
create a new individual as linear combination of
the subset
improve the new individual
update the reference set
until termination, whereupon report the best solu-
tion encountered

The Scatter Search process has been adapted
and applied to many optimisation problems. In
relation to this paper, recent Scatter Search appli-
cations for scheduling problems, especially flow-
shop scheduling and job-shop scheduling, can be
found in [26,28].

4.3. The Bionomic Algorithm

The Bionomic Algorithm is less well-known
than Scatter Search and was first presented in
1994 [10]. As with Scatter Search, its underlying
strategy involves creating new solutions as linear
combinations of old solutions and procedures in-
volved in this process are designed to use problem
specific knowledge. The specific features of a Bio-
nomic Algorithm are: a maturation step to im-
prove individuals; structured construction of
parent sets based on a graph which represents
the population structure; parent selection based
on fitness and distance between individuals; a gen-
erational approach to replace the population. A
general framework for the Bionomic Algorithm is

generate an initial population
improve each individual in the initial population
repeat
build a graph that represents the population
structure
compute parent sets from this graph
create new individuals as linear combinations
for each parent set
improve each new individual
update the population with some of the best
new individuals
until termination, whereupon report the best solu-
tion encountered

As far as we are aware, the Bionomic Algorithm
has not been applied to scheduling problems be-
fore. Applications in other areas can be found in
[11,12,16,29].

5. Algorithmic details

Elements involved in the implementation of our
heuristics for the Aircraft Landing Problem are

e representation of an individual,
e evaluation of an individual,
e generation of the initial population,
e selection of parents,

e generation of children,

e duplication test,
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e local improvement of an individual,
e population replacement.

Many of these elements are common to both
heuristics either because they correspond to basic
features of population heuristics or they are di-
rectly related to the Aircraft Landing Problem.
The major element that differs relates to the selec-
tion of parents. The representation adopted and
the evaluation of an individual draw upon previ-
ous work presented in [7,8]. The use of Scatter
Search and the Bionomic Algorithm and the local
improvement procedures have not been presented
previously in the literature however.

Previous work in relation to the Aircraft Land-
ing Problem in the literature has considered run-
ways to be sufficiently well spaced so as to enable
s the separation required between aircraft land-
ing on different runways, to be zero. Therefore in
this paper and for ease of presentation, we shall
henceforth also take s; to be zero. Amending the
heuristics presented to deal with the case where
s;; s non-zero is easily done however.

5.1. Individual representation

As the key element of population heuristics are
individuals, the first step towards an implementa-
tion of such a heuristic is to define an individual
representation adapted to the considered problem.

An individual represents a possible solution to
the problem. For the multiple runway Aircraft
Landing Problem, an individual must provide
information about the scheduled landing time
and the allocated runway for each aircraft waiting
to land. Thus the representation we define contains
two variables for each aircraft: the proportion of
time that elapses before the scheduled landing time
and the runway allocated.

Fig. 2 gives a representation of an individual
with P aircraft where y; is the proportion of time
as defined in Section 2.2 and r; is the runway allo-
cated to aircraft i.

5.2. Individual evaluation

The evaluation of an individual is used to
address its performance regarding the objective

aircraft 112]...| P
proportion | y3 | Y2 | ... | yp
runway | r1 | T2 | ... | TP

Fig. 2. Individual representation for P aircraft.

under consideration and to deal with the con-
straints. Two values are introduced here to capture
these two issues: a fitness value and an unfitness
value. This use of two distinct values to evaluate
a solution in a population heuristic context was
first introduced in [13] in conjunction with an
appropriate population replacement scheme.

The fitness value is defined as the value of the
objective function used, it quantifies the perfor-
mance of the individual. If the objective function
is non-linear, the fitness function is given by Eq.
(9), in which case the higher the fitness, the better
the solution. If the objective function is linear, the
fitness function is given by Eq. (10), in which case
the lower the fitness, the better the solution.

The unfitness value measures the violation of
the separation time constraints. Time window
and runway allocation constraints (see Section
2.2) are automatically satisfied by our representa-
tion. Having regard to Eq. (6) and recalling that
we are taking s; to be zero, a convenient measure
of constraint violation (or unfitness) is given by

Z Z max(0, Sy — (x; — x;)). (18)

JFL X=X =T

Considering Eq. (18), for two aircraft i and j where
J lands after (x; > x;) and on the same runway
(r; =r;) then we need the difference (x; — x;) in
the landing times to be at least S;;. Hence the term
max(0,S; — (x; — x;)) will always be zero if sepa-
ration is satisfied, strictly positive otherwise. The
higher unfitness, the more infeasible the solution.

Both fitness and unfitness values are used to
compare individuals. An individual with a zero
unfitness value is better than any individual with
a positive unfitness. Between two individuals with
a zero unfitness value (so both are feasible), the
best one is the one with the best fitness value cor-
responding to the objective used.
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5.3. Initial population

Some initial individuals must be created to form
the initial population of the process.

The majority of the initial individuals are ran-
domly generated. To create a random individual,
we randomly generate two values for each aircraft:
a proportion value between 0 and 1 and a runway
number between | and R.

Seeding the initial population with fit individu-
als that have been heuristically generated is a com-
mon practice in population heuristics as it can help
the search to find good near-optimal solutions.
However too many highly fit initial individuals
may provoke an early convergence of the popula-
tion into areas of the solution space containing
only suboptimal solutions.

For the Aircraft Landing Problem, we generate
three heuristic individuals, based on the earliest,
target or latest times. Aircraft are first ordered
with respect to the times being considered. Each
aircraft in this sequence is considered in turn in
order to be allocated to a runway. If there exists
a runway with no aircraft then the aircraft is allo-
cated to this empty runway. Its scheduled landing
time is the time used to generate the ordered se-
quence. Otherwise the aircraft is assigned to the
runway that enables it to land as early as possible
while satisfying the separation time constraints
with all the aircraft already scheduled on this run-
way. The time proportion values are computed
from the scheduled times once all aircraft have
been considered. Three individuals can be gener-
ated using this heuristic as three sequences can
be defined using earliest, target or latest times.
Note that, as with randomly generated individuals,
individuals generated in this way are not guaran-
teed to be feasible.

The size of the population is set to 100 individ-
uals, so the initial population contains three heu-
ristic individuals, with the remainder being
randomly generated. If the earliest, target or latest
times are runway dependent then the above proce-
dure can create 3R heuristic individuals (based on
ordering with respect to earliest/latest/target for
each of the R runways). Hence in this case the ini-
tial population contains 3R heuristic individuals,
with the remainder being randomly generated.

5.4. Parent selection for Scatter Search

Parent selection in our Scatter Search algorithm
is a binary tournament selection scheme based on
individual fitnesses. In binary tournament selection
two individuals are selected at random from the
population and the one with the best fitness is kept
as a parent. Each execution of this selection scheme
provides one individual to play the role of parent.
Unlike standard genetic algorithms, the number
of parents in Scatter Search can be more than
two. For our implementation of Scatter Search,
we set the number of parents to three. The binary
tournament selection scheme is repeated three
times to select three individuals. At the end of the
parent selection stage for Scatter Search, we have
a single parent set containing three individuals.

5.5. Parent selection for the Bionomic Algorithm

Parent selection for the Bionomic Algorithm is
a structured procedure where the underlying prin-
ciple is to give more opportunities to individuals
with a better fitness to be selected as parents and
prevent individuals too close to each other from
being selected as parents together.

Population structure is captured by an adja-
cency graph. Each individual of the current popu-
lation is represented by a node. Nodes have an
inclusion frequency value that is set to the rank
(ties broken arbitrarily) of the corresponding indi-
vidual when population individuals are sorted by
fitness. Fitter individuals are represented by a node
with a higher inclusion value and thus can appear
more often in a parent set. For the non-linear
objective, individuals are sorted into ascending fit-
ness order (since this objective is a maximisation
one, cf Eq. (9)). For the linear objective, individu-
als are sorted into descending fitness order (since
this objective is a minimisation one, cf Eq. (10)).
We define

N the population size and also the number of
nodes in the adjacency graph,

F, the rank of individual # and the inclusion fre-
quency of node n, ne{l --- N}, F,e{1 --- N}.
In our implementation, we use a population
of size N = 100, as commented in Section 5.3.
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A distance measure is introduced to quantify, in
terms of solution structure, how close two individ-
uals are to each other. This distance measure is
used to determine if an edge must exist between
the two corresponding nodes in the adjacency
graph. In terms of our implementation of the Bio-
nomic Algorithm for the Aircraft Landing Prob-
lem, we define

d; the total distance evaluation between individ-
ual 7 and J,

d*. the distance evaluation corresponding to air-
craft k between individual i and j,

»* the proportion value associated with aircraft k
in individual i,

7% the runway number associated with aircraft k
in individual i.

We define

P 1 if ¥ £ rf,
dy=>_dj; withd, = ‘
p Vi = ¥i| otherwise,

V(i,j) e {1---NY, i#j. (19)

Here the contribution of any particular aircraft
to the distance between two individuals is one if
the aircraft land on different runways in the two
individuals and the difference in proportions if
the aircraft land on the same runway in the two
individuals. Informally the higher the distance
value the more different the individuals are.

In addition to these distances, a distance thresh-
old @ is introduced to assess whether two individ-
uals are distant enough or not. The distance for all
pairs of individuals are compared against this
threshold. If d;; < @, individuals i and j are consid-
ered as close to each other and thus an edge must
exist between their corresponding nodes in the
adjacency graph. In our implementation @ was
first set to P/10. If the adjacency graph computed
with this value contains more than half the maxi-
mum number of edges in a N node undirected
graph (N(N — 1)/2 edges), © is halved and a new
graph is computed (this process of halving @
continuing until the graph has an appropriate
number of edges). This process of halving @ was
introduced because preliminary computational re-

sults indicated that the more edges in the adja-
cency graph the less numerous and various were
the parent sets generated (as outlined below) from
the adjacency graph. In such a situation producing
new (non-duplicate) individuals was difficult.

In the Bionomic Algorithm, the adjacency
graph yields parent sets through the computation
of a maximal independent set. A maximal indepen-
dent set is a set of maximal cardinality where none
of the selected nodes are linked by an edge. The
logic here is that constructing parent sets in this
way means that individuals selected to play a role
of parent are reasonably spanned over the problem
search space, since an edge exists between two
individuals 7 and j if and only if they have structur-
ally similar solutions (d; < ©).

To illustrate the concept of a maximally inde-
pendent set a possible adjacency graph for six
nodes is presented in Fig. 3. The maximal indepen-
dent sets corresponding to this graph are
{2,3,4,6}, {2,3,5} and {1, 3,4}. In the case of par-
ent set selection, it is sufficient to generate only one
of the possible maximal independent sets. Note in
particular that there is no requirement to generate
the maximal independent set that contains the
most nodes.

The process of computing a maximal indepen-
dent set is described below. The adjacency graph
involved in this process is a copy of the adjacency
graph constructed as described above.

repeat
select one of the nodes at random
insert this node into the parent set

0

6

Fig. 3. Example graph to illustrate maximal independent sets.
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remove the selected node and all its neighbours
from the graph
until the graph is empty

Once this process is executed, a new parent set
P has been constructed. The nodes involved in
Pg have their inclusion frequency value decreased
by one (i.e. F,=F, — 1 Vn € Pg). If its inclusion
frequency value becomes zero, a node is removed
from the main adjacency graph. The inclusion fre-
quency value characterises the number of times an
individual will be selected to be in a parent set.
New parent sets are computed until the main
graph is empty, that is all nodes have been selected
as many times as the initial value of their inclusion
frequency.

For the Bionomic Algorithm the parent selec-
tion stage generates many parent sets (at least N)
of various sizes. Sets are computed such that fitter
individuals are more often selected than less fit
individuals (by means of the inclusion frequency
mechanism) and such that individuals in a given
parent set are reasonably spanned over the prob-
lem search space (by means of the adjacency graph
and maximal independent set mechanism). Com-
putationally the complexity associated with gener-
ating the adjacency graph is O(PN?) and the
complexity associated with identification of all
parent sets from the adjacency graph is (in the
worse case) O(N?). Hence the overall worse case
computational complexity here is O(PN* + N°).
Since we use a fixed population size N = 100 we
have a linear relationship between computation
time and problem size P.

5.6. Child generation

The child generation procedure for both Scatter
Search and the Bionomic Algorithm produces one
child from each parent set, and this child may be
feasible or infeasible. To create a new individual,
a new set of proportion values must be computed
and a new set of runway numbers must be deter-
mined. For each aircraft, the new proportion value
is computed as a weighted linear combination of
the corresponding parent proportion values. Ran-
dom weights are used in the linear combination
process in order to introduce diversity to the new

individual. The resulting solution may be infeasi-
ble. This does not have serious consequences to
the quality of the population as the improvement
procedure (see below) is applied to any new indi-
vidual and, in any event, infeasible solutions can
be dealt with using unfitness. Runway allocation
is decided in an equally weighted probabilistic
manner for each aircraft. Utilising ¥, the propor-
tion value associated with aircraft k in individual i,
our generalised child generation procedure is

let p(1), p(2),...,p(K) be the parents in the parent
set
generate K numbers w;, i =1,...,K, at random
between 0 and 1
set W=w;+---+wg and w;=w/W for i=
1,..,K
k K k

set g = Zizlw[yp<l.) Vke{l.---P}
repeat for each aircraft in turn

select one of the K parents at random

assign its runway number to the runway vari-

able of the current aircraft in the child
until all aircraft have been considered

Scatter Search produces only one child at each
generation, as the above procedure is executed
once using the set of K =3 parents chosen. By
contrast, the Bionomic Algorithm produces a
number of parent sets and the above procedure
is executed once for each of these parent sets in
turn, producing one child for each parent set.

5.7. Duplication test

In order to maintain a good level of diversity in
the population new individuals are discarded if
they duplicate an individual already present in
the population. A new individual is checked for
duplication against all the current individuals
immediately after its creation.

For the single runway case, the duplication test
simply checks whether the landing sequence of two
individuals are identical, that is if all the aircraft
land in exactly the same order. If so both individ-
uals represent the same solution. Note here that
our local improvement procedures (see below)
are such that if the landing sequences are the
same, the solutions after local improvement will
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also be the same. Computationally it is clear that
checking for duplication before embarking on
local improvement is preferable to the contrary.

In the multiple runway case, as in our formula-
tion runways are identical, an individual contains
as many landing sequences as there are runways
available for landing and consequently checking
for duplication is not as straightforward as the sin-
gle runway case. To illustrate the problem, Fig. 4
presents the landing sequences for two individuals
in a two runway, five aircraft, case. The landing se-
quence on runway 1 for individual 1 is identical to
that on runway 2 for individual 2 (and vice versa).
It is clear that these two individuals are effectively
identical, that is they represent the same solution.

To avoid the situation shown in Fig. 4 occur-
ring, each generated individual has its runway allo-
cation variables r; (cf Fig. 2) changed in the
following manner:

extract the R landing sequences from the indi-
vidual

order these sequences by increasing order of the
smallest aircraft number they contain

assign the first sequence to runway 1, the second
sequence to runway 2,..., etc.

update the runway allocations in the individual

For the example given in Fig. 4 this procedure
would leave individual 1 as currently but would
change the runway allocation in individual 2 so
that it is identical to individual 1. Once this run-
way reallocation procedure has been done, dupli-
cate checking can proceed in the same manner as
outlined for the single runway case above. Compu-
tationally duplicate checking is of complexity
O(PN + RPlog(P)).

If the problem contains runway dependency (as
discussed in Section 2.4) then the above runway
reallocation procedure is not used and the runway
allocation variables are not changed at all before
duplicate checking.

Landing sequence - individual 1

5.8. Individual local improvement

As discussed in Section 4.2 for Scatter Search
and Section 4.3 for the Bionomic Algorithm, these
heuristics call for a local improvement of each
individual that is based on problem specific knowl-
edge. The improvement procedure we define de-
pends on the objective considered and is applied
to each landing sequence of the individual consid-
ered as fixed. As will become apparent when the
details are discussed below, the landing times ob-
tained via this improvement are optimal if the
landing sequence considered is feasible.

For the non-linear objective, as we have the
close-up property, it is possible to compute opti-
mal landing times with a simple polynomially
bounded procedure for each landing sequence of
the considered individual. This procedure is ap-
plied independently to each landing sequence:

let ¢(s) be the s'th aircraft in the ordered landing
sequence on the runway being considered
set s =1 and Xg(1) = E‘I(l)
repeat
sets=s5+1
st Xgy(s) = Min[Lgqs), Max[Eqs)Xg() + Sy q0s)
t=1,..,5s = 1]]
until all aircraft in the ordered sequence have been
considered

If this procedure computes landing times that
are feasible (satisfy the separation time constraints,
Eq. (6)) then they are optimal for the given landing
sequence considered. The computational complex-
ity of this procedure is O(P?).

For the linear objective, the improvement pro-
cedure corresponds to solving a simple linear pro-
gram (LP). This procedure is applied to fixed
landing sequences, so (in terms of the mathemati-
cal formulation of the problem) all the binary
variables are set to known values, based on the air-
craft landing in sequence order on their allocated

Landing sequence - individual 2

Runway 1: first 1 then 2 then 4
Runway 2: first 3 then 5

Runway 1: first 3 then 5
Runway 2: first 1 then 2 then 4

Fig. 4. Landing sequences for two different individuals representing the same solution.
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runways. The only variables that remain to be
computed are the scheduled times for each aircraft.
Thus the LP to solve for this local improvement in-
volves making the aircraft land as close as possible
to their target time given the landing sequences.
More technically this LP involves minimise (10)
subject to (1), (4)(8), (11)~(15) but with all binary
variables set; it has O(P) variables and O(P?) con-
straints. This is modelled using ILOG Concert
Technology [24] and solved using ILOG Cplex
software [25].

However, given the landing sequences on each
runway, the associated LP problem may be feasi-
ble or infeasible. If it is feasible, Cplex computes
optimal landing times for the landing sequences
based on the original objective (Eq. (10)). If the
LP for any particular runway is infeasible, a new
LP is modelled based on the same landing se-
quence but aiming to minimise the infeasibility of
the solution. Assuming (for ease of discussion)
that the LPs for all R runways are infeasible the
new LP would be minimise (18) subject to (1),
(4), (5), (7), (8), (11)—(15) but with all binary vari-
ables set. This is an LP since although the objective
(Eq. (18)) is nonlinear it is easily linearisable.
Cplex hence computes optimal landing times for
each aircraft with respect to their landing order
in the sequences such that these times minimise
the separation time constraint violation on each
runway. This LP is always feasible.

5.9. Population replacement

After the generation of a new (non-duplicate)
child and its improvement, the child is inserted
into the population. It is standard within popula-
tion heuristics to keep the population size constant
and hence one member of the population must be
selected for removal. In our Scatter Search heuris-
tic the individual that is chosen to be removed
from the population is the current worst individ-
ual, that is the individual with the higher unfitness
value or at same unfitness, the individual with the
worst fitness regarding the objective used.

It can happen that the population member dis-
carded is actually better than the new inserted
child (i.e. the child is worse than any member of

the population). Whilst this might seem perverse,
previous experience has indicated that this helps
maintain population diversity and, in any event,
the inserted child is likely to depart from the pop-
ulation at the next iteration.

The population replacement scheme for the
Bionomic Algorithm as commonly presented in
the literature [11,16,29]is a generational approach,
that is many children are inserted into the popula-
tion at the same stage. However our preliminary
computational experience indicated that adopting
such an approach for the Bionomic Algorithm
for the Aircraft Landing Problem would not lead
to good quality results. Specifically we observed
that inserting many children at each generation
led to a quick convergence of the population and
produced low quality results.

Consequently for our Bionomic Algorithm we
chose to insert a single child into the population,
as in Scatter Search. Limited computational expe-
rience indicated that this prevents the population
converging too quickly and increases solution
quality. The child chosen is the best child gener-
ated over all the parent sets (the best child being
the one with the smallest unfitness or at same unfit-
ness, the one with the best fitness regarding the
objective used). The removal of a population
member is done in the same manner as in Scatter
Search above.

5.10. Heuristic overview

In order to provide a complete overview of our
Scatter Search (SS) and Bionomic Algorithm (BA)
heuristics for the Aircraft Landing Problem we
give below a framework for the steps used:

generate the initial population as in Section 5.3
improve and evaluate each individual in the popu-
lation as in Sections 5.8 and 5.2
repeat
generate parent sets as in Section 5.4 for SS or
as in Section 5.5 for the BA
generate children from the parent sets as in Sec-
tion 5.6
eliminate any children that are duplicates of
population members as in Section 5.7
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improve and evaluate each (remaining, non-
duplicate) child as in Sections 5.8 and 5.2
add the best child to the population as in Sec-
tion 5.9
until termination, whereupon report the best solu-
tion encountered

Computationally the most time-consuming part
of our heuristics relates to the improvement and
evaluation of each non-duplicate child. The com-
putational complexity per child of this part is
O(P?) for the non-linear objective and for the lin-
ear objective involves the solution of an LP with
O(P) variables and O(P?) constraints. The princi-
pal computational difference between the two heu-
ristics implemented is that for Scatter Search we
have to generate just a single parent set which
leads to just a single child to improve and evaluate
at each iteration, whereas in the Bionomic Algo-
rithm we have to generate a number of parent sets
(complexity O(PN? + N?)) and each of these par-
ent sets in turn gives rise to a single child to be im-
proved and evaluated.

6. Computational results

The Scatter Search and Bionomic Algorithm
heuristics presented above were implemented in
C++ on a 2GHz Pentium PC with 512MB of
memory. Computational results are presented in
this section for 13 instances, publicly available
from OR-Library [4], involving from 10 to 500 air-
craft. Varying the number of runways and the
objective adopted for these 13 instances means
we consider 101 problems, in total.

Results for each algorithm and each objective
are presented in Tables 1-4. Problems of the size
shown in Tables 2 and 4 are much larger than
those considered previously by the majority of
authors in the literature. Each heuristic was repli-
cated (executed) ten times on each problem.

The notation used in these tables is

Z,pi: value of the optimal solution,
Zvesi: Value of the best-known solution (if the opti-
mal solution is not known),

T: total execution time in seconds for the ten
replications,

Ghest: percentage gap associated with the best solu-
tion found over the ten replications,

Grcrs: percentage gap associated with the first-
come first-served solution.

Computation times associated with producing
the first-come first-served solution are not given
in detail in Tables 1-4, because they are compara-
tively small. Over all 101 test problems, the largest
computation time associated with any first-come
first-served solution was only 1.4 seconds.

For problems for which the optimal solution is
not known the best-known solution value Zjy
given is the best solution value we have observed
during the course of our computational work. The
percentage gap Gy associated with the best solu-
tion found over the ten replications is calculated
with reference to Zp; (01 Zpes if Z,pt is not known)
as 100| Z,p-best solution value|/|Z,|. One compli-
cation is that for some problems Z,; (0r Zpey) is
zero in which case the appropriate percentage gap
is taken to be zero if and only if the best solution
found is also zero, otherwise it is undefined.

Each instance has been executed with up to five
runways, or less if fewer runways were sufficient to
land all aircraft optimally. For the non-linear
objective this would mean that all aircraft could
land at their earliest landing time. For the linear
objective this would mean that all aircraft could
land at their target time. So the range of values
used for R can be different in certain cases depend-
ing upon the objective used.

6.1. Non-linear objective

Tables 1 and 2 present results for the non-linear
objective for a set of instances involving from 10 to
50 aircraft and from 100 to 500 aircraft respec-
tively. For comparison purposes, the termination
criterion adopted is the same for both heuristics
and is set, based on preliminary tests, to 50,000
children generated (per replication).

With respect to the termination criteria adopted
we found that, over the 52 problems presented,
obtaining the final solution (Gyes) shown required
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Table 1

Results for non-linear objective—small instances

P R Zvest SS BA FCFS

T Grest T Goest Grers

10 1 4849 6 0 57 0 3.13
2 5924 6 0 64 0 3.17
3 6185 8 0 65 0 0.71
4 6237 9 0 66 0 0

15 1 18,337 8 0 56 0 5.11
2 19,948 8 0 47 0 0.39
3 20,078 10 0 50 0 0

20 1 35,632 9 0.28 70 0.28 6.35
2 38,524 10 0 45 0 0.37
3 38,664 12 0 47 0 0

20 1 20,001 9 0.95 70 0.59 5.76
2 22,888 9 0 47 0 1.08
3 23,659 11 0 50 0 0.17
4 23,955 12 0 49 0 0
5 24,140 13 0 51 0 0

20 1 19,381 9 6.11 71 1.03 20.43
2 26,021 11 0 47 0.06 0.78
3 26,495 11 0 50 0.02 0.02
4 26,699 12 0 52 0 0.01
5 26,732 13 0 49 0 0

30 1 —2,847,013 15 0 68 0 0
2 —8943 15 0 58 1.06 108.48
3 0 14 0 58 0 0

44 1 —23,266 24 0 89 0 0
2 644,749 21 0 91 0 3.00
3 646,432 21 0 87 0 0

50 1 728,837 23 19.33 122 4.65 Infeasible
2 797,116 22 0 99 0 0.02
3 799,417 24 0 105 0 0

Average 13 0.9 65 0.3 5.7

over 40,000 children (per replication) for 11 prob-
lems with Scatter Search and 28 problems with the
Bionomic Algorithm. It required less than 10,000
children for 40 problems with Scatter Search and
14 problems with the Bionomic Algorithm.
Computational tests with these problems with
regard to seeding the initial population with heu-
ristic individuals (see Section 5.3) and the quality
of solution produced showed that no seeding pro-
duces worse results for all problems with Scatter
Search; and worse results for 9 problems, but bet-
ter results for 2 problems, with the Bionomic Algo-
rithm. So the initial population used is seeded with

three heuristic individuals. For all 52 problems
shown in those tables, the final solution provided
by our Scatter Search and Bionomic Algorithm
heuristics was always feasible and (due to this
seeding) dominates the first-come first-served solu-
tion. The first-come first-served solution was infea-
sible for one problem.

Problems presented in Tables 1 and 2 have not
yet been solved optimally. Hence, for these tables,
Gyt 18 calculated against the best-known solution
value. Result quality is globally very high for these
two tables. The overall gap for Scatter Search and
the Bionomic Algorithm is 0.9% and 0.3% respec-
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Table 2

Results for non-linear objective—large instances

P R Zpest SS BA FCFS

T Goest T Gest Grers

100 1 10,926,459 66 14.57 177 11.34 17.26
2 13,690,290 53 0.57 188 0.43 1.65
3 14,037,508 50 0.01 186 0.09 0.49
4 14,090,232 48 0 186 0 0

150 1 14,713,752 106 14.80 223 12.38 20.44
2 19,829,588 116 0.11 261 0.08 0.64
3 20,126,522 90 0.02 282 0 0.14
4 20,136,384 84 0 283 0 0

200 1 21,827,542 157 15.19 323 13.29 16.10
2 26,786,444 154 0 397 0.07 1.39
3 27,409,004 163 0.01 362 0.05 0.25
4 27,484,328 137 0.01 493 0.12 0.12
5 27,506,007 120 0 411 0 0

250 1 27,619,476 202 15.22 416 13.32 15.81
2 33,676,680 181 0.18 467 0.15 0.80
3 34,330,656 229 0.03 442 0.05 0.27
4 34,401,946 201 0 461 0 0.01
5 34,405,915 179 0 517 0 0

500 1 45,677,264 498 17.52 1268 15.94 18.35
2 61,557,052 688 0.01 1170 0.10 0.26
3 63,641,468 725 0.03 1212 0.02 0.04
4 63,886,852 674 0 1249 0 0
5 63,891,976 687 0 1455 0 0

Average 244 3.4 540 29 4.1

tively for small instances and 3.4% and 2.9%
respectively for large instances. For 30 of the 52
problems, the Bionomic Algorithm produces a
solution equal to that produced by Scatter Search,
for 13 problems it produces a better solution and
for 9 problems Scatter Search produces a better
solution than the Bionomic Algorithm. Overall,
the Bionomic Algorithm out-performs Scatter
Search with respect to quality of solution when
the non-linear objective is used.

For every problem, Scatter Search terminates
faster than the Bionomic Algorithm. This differ-
ence lies in the parent selection scheme adopted.
In Scatter Search, a single parent set is constructed
and a single child is generated and improved at
each iteration. By contrast, in the Bionomic Algo-
rithm, many parent sets are constructed from the
current population and so at each iteration many
children are generated and must be improved.

The largest execution time in Tables 1 and 2 is
approximately 1450 seconds (Bionomic Algorithm
for 500 aircraft and five runways). This corre-
sponds to 0.3 seconds of computation per aircraft
per replication which is very reasonable given the
size of the problem.

6.2. Linear objective

Tables 3 and 4 present results for the linear
objective for a set of instances involving from 10
to 50 aircraft and from 100 to 500 aircraft respec-
tively. These instances are the same as those con-
sidered in Tables 1 and 2. For comparison
purposes, the termination criterion adopted is the
same for both heuristics and is set, based on preli-
minary tests, to 10,000 children generated.

With respect to the termination criteria adopted
we found that, over the 49 problems presented,
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Table 3
Results for linear objective—small instances
P R Zopt SS BA FCFS
T Gbest T Gbesl GFCFS
10 1 700 4 0 60 0 0
2 90 24 0 45 0 0
3 0 39 0 34 0 0
15 1 1480 6 0 90 0 1.35
2 210 45 0 49 0 9.52
3 0 46 0 43 0 0
20 1 820 8 0 99 0 68.29
2 60 48 0 58 0 116.67
3 0 62 0 63 0 n/d
20 1 2520 8 0 95 0 0
2 640 52 0 55 0 0
3 130 46 0 57 0 0
4 0 56 0 52 0 0
20 1 3100 9 0 100 0 74.84
2 650 50 0 61 3.08 16.92
3 170 54 0 43 0 5.88
4 0 56 0 68 0 n/d
30 1 24,442 158 0 274 0 0
2 554 70 0 101 3.61 59.21
3 0 54 0 87 0 0
44 1 1550 195 0 79 0 0
2 0 118 0 124 0 0
50 1 1950 42 52.05 287 36.15 Infeasible
2 135 121 0 196 0 425.93
3 0 139 0 181 0 n/d
Average 60 2.1 96 1.7 37.1

n/d means not defined.

obtaining the final solution (Gye;) shown required
over 5000 children (per replication) for 19 prob-
lems with Scatter Search and 37 problems with
the Bionomic Algorithm. It required less than
1000 children for 20 problems with Scatter Search
and 8 problems with the Bionomic Algorithm.
Computational tests with these problems with
regard to seeding the initial population with heu-
ristic individuals (see Section 5.3) and the quality
of solution produced showed that no seeding pro-
duces worse results for 21 problems, but better re-
sults for 5 problems, with Scatter Search; and
worse results for 29 problems, but a better result
for 1 problem, with the Bionomic Algorithm. So
the initial population used is seeded with three

heuristic individuals. For all 49 problems shown
in those tables, the final solution provided by our
Scatter Search and Bionomic Algorithm heuristics
was always feasible and (due to this seeding) dom-
inates the first-come first-served solution. The first-
come first-served solution was infeasible for one
problem, the same as with the non-linear objective.

Times given in Tables 3 and 4 are larger than
those in Tables 1 and 2 for the non-linear objec-
tive. The primary reason for this lies in the child
improvement scheme adopted. For the linear
objective this scheme involves solving LPs (with
O(P) variables and O(P?) constraints), whereas
for the non-linear objective this scheme only in-
volves a polynomially bounded procedure of com-
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Table 4

Results for linear objective—large instances

P R Zpest SS BA FCFS

T Goest T Goest Grers

100 1 5611.70 119 30.06 554 14.51 30.27
2 452.92 342 5.67 487 54.73 172.60
3 75.75 390 0 466 87.46 342.81
4 0 336 0 439 n/d n/d

150 1 12329.31 227 44.96 925 33.90 63.50
2 1288.73 608 7.87 845 25.95 103.47
3 220.79 668 8.88 803 195.88 552.16
4 34.22 647 16.74 788 292.40 3473.49
5 0 607 0 762 n/d n/d

200 1 12418.32 256 17.95 1417 16.67 20.94
2 1540.84 959 9.19 1287 38.54 129.80
3 280.82 1021 21.59 1203 290.09 764.25
4 54.53 993 2.77 1168 474.47 3947.88
5 0 956 0 1158 n/d n/d

250 1 16209.78 381 22.15 2011 23.58 24.28
2 1961.39 1266 18.80 1835 50.18 137.42
3 290.04 1454 17.48 1710 198.01 903.97
4 3.49 1445 271.63 1688 13216.91 70752.44
5 0 1386 0 1662 n/d n/d

500 1 44832.38 1237 3.24 5852 1.03 5.10
2 5501.96 3836 3.72 5379 37.47 56.91
3 1108.51 4560 1.98 5158 182.69 462.60
4 188.46 4413 22.98 4977 1186.81 2027.94
5 7.35 4421 0 4887 22308.44 52628.71

Average 1355 22.0 1978 1936.5 6830.0

n/d means not defined.

plexity O(P?). Except for 5 of the smaller problem
instances, Scatter Search is, as previously, faster
than the Bionomic Algorithm. The largest execu-
tion time in Tables 3 and 4 is approximately
5850 seconds (Bionomic Algorithm for 500 aircraft
and one runway). This corresponds to 1.2 seconds
of computation per aircraft per replication which
is reasonable given the size of the problem.
Problems presented in Table 3 were solved opti-
mally in [6]. Hence, for this table, Gy 1s calcu-
lated against the optimal solution value. The
overall gap for Scatter Search is 2.1% with all
but one of the 25 instances being solved optimally.
The Bionomic Algorithm does not perform as well
on these instances, but still performs reasonably
with an overall gap of 1.7%. Problems presented
in Table 4 have not yet been solved optimally
and Gy for this table is hence calculated against

the best-known solution value. For 22 of the 49
problems shown in Tables 3 and 4, the Bionomic
Algorithm produces a solution equal to that pro-
duced by Scatter Search, for 5 problems it pro-
duces a better solution and for 22 problems
Scatter Search produces a better solution than
the Bionomic Algorithm. So Scatter Search out-
performs the Bionomic Algorithm with respect to
quality of solution when the linear objective is
used.

It is clear from Table 4 though that as the num-
ber of runways increases the gap often tends to
very high values, with this trend being much more
drastic for the Bionomic Algorithm than Scatter
Search. The results presented in this table for the
Bionomic Algorithm with the linear objective
stand in marked contrast to the results presented
in Table 2 for the same algorithm and the same
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large problems but with the non-linear objective.
The first-come first-served solution performs very
poorly, with high gap values, even for the smaller
problems.

6.3. Averaging

The large gap values seen in Tables 3 and 4 are
(in part) a consequence of the low Z,, and Zpey
values. As the reader will probably appreciate, it
is standard practice within the literature to evalu-
ate heuristic algorithm performance by calculating
percentage deviation from optimal (or best-
known) solutions, exactly as we have done in those
tables. What is unusual about the problems pre-
sented in Tables 3 and 4 though is that we have
a wide variation in solution values and in particu-
lar, have some very low values.

The issue can be simply illustrated by comparing
performance for Scatter Search for two cases of the
same problem in Table 4. For the problem with
P = 500 and the case where R = 1, the best gap ob-
tained by Scatter Search is 3.24%. Recalling the lin-
ear objective aims to minimise the overall cost, this
gap indicates that this solution costs 3.24% more
than the best-known solution whose value is
44832.38. Hence the excess cost incurred in this
case is 3.24(44832.38)/100 = 1453. For the same
problem but with the case where R = 4, the best
gap obtained by Scatter Search is 22.98%. By com-
parison with the previous solution, it appears at
first sight to be much worse, by a factor of 22.98/
3.24 =7 in fact. But for this case the value of the
best-known solution, 188.46, is smaller and the ex-
cess cost incurred is 22.98(188.46)/100 = 43 only.
Comparing excess costs, the solution cost for
R = 41is 1453/43 = 34 times smaller than the solu-
tion cost for R = 1. In other words, in excess cost
terms, the solution for R = 4 is over one order of
magnitude smaller than the solution for R =1.
Whereas, in percentage gap terms, the solution
for R = 4 is approximately one order of magnitude
larger than the solution for R = 1. Thus there is a
difference of over two orders of magnitude when
we compare solutions depending upon whether
we use excess cost or percentage gap.

In order to overcome the issue of large variation
of solution values, we propose to average results,

for each problem, over all values of R. Each prob-
lem has been solved for varying R values, but given
a particular problem, the underlying set of aircraft,
time windows, separation times and objective
function coefficients are the same. In the light of
this we believe that, in our particular context, an
averaging process is legitimate.
We define, for each problem,

Zr the value of the best-known or optimal solu-
tion when R runways are used,

Gr the best percentage gap as previously defined
when R runways are used,

R the largest number of runways considered.

Then the new average value we use to gain (per-
centage) insight into the excess cost for each prob-
lem is 10035 (Gr/100)|Zk|)/Runax) / (5253 |Zil /
Rua)[= (55 GalZal)/ (5575 1Z4])). The numera-
tor is the average excess cost over all values of R
considered for the problem and the denominator
is the average solution value. This averaging ap-
proach provides better insight into the perfor-
mance of both Scatter Search and the Bionomic
Algorithm for the large problems with the linear
objective than the simple averaging adopted
previously.

Table 5 shows the gaps computed using this
averaging approach for both heuristics and both
objectives. Although solution values with the
non-linear objective do not display the same vari-
ation as those of the linear objective, results for
the non-linear objective are also computed using
this averaging approach for comparison purposes.
Values in Table 5 still show that Scatter Search
and the Bionomic Algorithm perform better with
the non-linear objective than with the linear objec-
tive, as observed previously.

6.4. Basic local search heuristic

In order to provide insight into the computa-
tional effectiveness of our Scatter Search and Bio-
nomic Algorithm heuristics we implemented a
basic local search heuristic for the single runway
Aircraft Landing Problem. This heuristic examines
repositioning single aircraft in the landing se-
quence, and swapping the positions of pairs of
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Table 5
Averaged percentage gaps
P Non-linear objective Linear objective

SS BA FCFS SS BA FCFS
10 0 0 1.65 0 0 0
15 0 0 1.74 0 0 2.37
20 0.09 0.09 2.13 0 0 71.59
20 0.17 0.10 1.26 0 0 0
20 0.94 0.18 3.33 0 0.51 62.25
30 0 0 0.34 0 0.08 1.31
44 0 0 1.53 0 0 0
50 6.06 1.46 0.01 48.68 33.81 27.58
Average 0.9 0.2 1.5 6.1 4.3 20.6
100 3.17 2.48 4.13 27.89 18.38 44.62
150 2.95 2.46 4.23 40.87 36.38 83.40
200 2.53 2.26 3.04 17.02 26.15 62.26
250 2.60 2.28 2.88 21.77 31.64 63.48
500 2.69 2.46 2.87 3.34 16.31 35.31
Average 2.8 24 34 222 25.8 57.8

aircraft in the landing sequence, in order to try and
improve the solution. This repositioning of an air-
craft and swapping of pairs of aircraft, is repeated
until no improvement in the landing sequence can
be found. Here we define an improvement as a less
infeasible solution if the current sequence is
infeasible or a better quality solution if the current
sequence is feasible. Each landing sequence exam-
ined is improved using the local improvement
scheme discussed in Section 5.8.

Table 6 presents the time consumption and per-
centage solution gap of this basic heuristic for both
objectives across the 13 instances. These results
were produced by applying our heuristic three
times—each time using a different initial landing
sequence found by ordering aircraft with respect
to earliest, latest and target times.

Results provided by this heuristic are of high
quality, but at the expense of computation time.
Time varies from 1 second for 10 aircraft to more
than 78 hours for 200 aircraft with the linear objec-
tive. Problems of 250 and 500 aircraft have not
been executed with the linear objective because
of this high time consumption. With the non-linear
objective, time varies from effectively zero for 10
aircraft to more than 44 hours for 500 aircraft.
Comparing the times given in Table 6 with those

Table 6
Results with the basic heuristic

P Linear objective Non-linear objective
T Gbcsl T Gbcsl

10 1 0 0 0

15 2 0 0 0

20 6 0 0 0

20 7 0 0 0

20 9 0 0 0

30 7 0 0 0

44 20 0 0 0

50 965 10.51 4 0

100 5482 0 29 0

150 43,077 0 276 0

200 281,332 0 1113 0

250 - - 2923 0

500 - - 160,592 0

given in Tables 1-4, the time required by this heu-
ristic exceeds that required by our heuristics when
P = 50 for the linear objective and when P > 150
for the non-linear objective.

6.5. Runway dependent problems
None of the problems considered above involves

any runway dependence, such as considered in Sec-
tion 2.4. Problems relating to runway dependent
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Table 7

Results for runway dependent problems

Problem P R Zpest SS BA [9] or [23]
T Gbesl T Gbesl Gbest

9] 12 3 11.25 9 0 44 0 0

[23] problem 1 12 3 3.50 8 7.14 49 7.14 0

[23] problem 2 15 3 12.25 10 0 47 0 2.04

[23] problem 3 20 5 8.75 12 0 49 11.43 180.00

[23] problem 4 12 3 4.25 7 29.41 47 0 164.71

Average 9 73 47 3.7 69.4

For [23] problem 3 a detailed solution that is supposed to have an associated objective function value of 12.0 is given in [23], but the
solution presented actually has a different objective function value.

times have been given previously in the literature in
[9,23]. These papers contain five problems, all have
runway dependent earliest times and one has run-
way restrictions. For these problems the target time
T; for each aircraft i is runway independent and set
to min[E}|r = 1---R]. So the target time for each
aircraft is the minimum earliest time over all run-
ways. The objective adopted in [9,23] is non-linear
and defined by minimise >, (x; — 7;)°. Because of
the definition of the target time, this objective re-
duces mathematically to the same function as our
non-linear objective (Eq. (9)).

Note that for these problems the target time for
some aircraft may be less than the earliest time on
some runways. Although this may seem counter-
intuitive the fact that we have a non-linear objec-
tive of the form given by Eq. (9) means that our
heuristics can be applied directly without modifica-
tion. Had we had a linear objective (Eq. (10)) then
our heuristics could still have been applied, but
would have needed minor modification with re-
spect to the linear program solved in the improve-
ment procedure (Section 5.8).

Table 7 presents the results for our Scatter
Search and Bionomic Algorithm heuristics for
the problems given in [9,23]. The termination crite-
rion adopted for both algorithms for these prob-
lems is when 50,000 children have been
generated. The Z. solution value given corre-
sponds to the best solution encountered, either in
[9,23] or in our computational work. It is clear
from that table that, on average, both our heuris-
tics produce better quality solutions than the algo-
rithms presented in [9,23]. As we would expect

from the results given in Tables 1 and 2, the Bio-
nomic Algorithm out-performs Scatter Search on
these problems. Computationally the times for
Scatter Search and the Bionomic Algorithm are
small. No computation times were presented in
[9], and in [23] detailed computation times were
not given, only a statement that the solutions de-
rived were found in less than 5minutes on a desk-
top PC. By contrast our largest computation time
is less than one minute.

7. Conclusions

In this paper we considered the multiple runway
Aircraft Landing Problem. Two different objective
functions were considered, a non-linear objective
function which has the close-up property and a lin-
ear objective function. We presented two popula-
tion heuristic algorithms, Scatter Search and the
Bionomic Algorithm, which have not been applied
to the problem previously in the literature. Com-
putational results were presented for a large num-
ber of problem instances involving up to 500
aircraft and five runways. These instances are
much larger than those that have been considered
by the majority of workers in the literature.

For the non-linear objective, our results indi-
cated that our Bionomic Algorithm out-performed
our Scatter Search algorithm. For the linear objec-
tive, the reverse was true with our Scatter Search
algorithm out-performing our Bionomic Algo-
rithm. As commented previously, for the Aircraft
Landing Problem it is, in practical terms, very
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useful to have the ability to change the objective
adopted to reflect prevailing conditions at an
airport. Our results indicate that, of the two algo-
rithms we have considered, computational perfor-
mance can reverse with adoption of a different
objective. This indicates that care needs to be
taken to ensure an appropriate algorithm is used
with the objective adopted.

Regarding computation time, over all 101 prob-
lems considered, the largest computation time ob-
served was associated with applying the Bionomic
Algorithm (linear objective) to a 500 aircraft, one
runway, problem, but this corresponded to only
1.2 seconds of computation per aircraft per
replication.

With regard to the basic heuristic, it is clear
from the results presented that, as problem size in-
creases, this heuristic is not a computationally
effective procedure, although results obtained are
of high quality. With regard to runway dependent
problems, our results indicate that these can be
dealt with effectively, with our algorithms out-per-
forming previous algorithms presented in the
literature.
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