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Abstract

Management and measurement of Risk is an important issue in almost all areas
involving decision making under uncertainty. Stochastic Programming (SP) tech-
niques is used to model the uncertainties and construct the mathematical model in
number of application domains. We discuss alternate SP modelling paradigm such
as recourse and chance constraint programming models. In particular we investi-
gate alternate formulations of chance constraint programming models. We investi-
gate and develop a chance constraint formulation for the pension fund models, and
carry out detailed computational investigation. We develop and implement a Ge-
netic Algorithm and Monte-Carlo sampling based framework for chance constrained
programming problems. We have bench-marked the framework on alternate deter-
ministic non-linear and chance constrained programming models. We found that
the framework can successfully process highly nonlinear, non-convex deterministic
and stochastic optimization problems. The disadvantage of using genetic algorithm
is that optimal solution is not guaranteed within a finite computing time.

1 Background

Many decision problems can be modelled using mathematical programs, which
seek to maximize or minimize an objective which is a function of the decisions.
The possible decisions are constrained by limits in resources (labour, budget)
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Bobby Varghese to pursue his M.Phil and carry out the research investigation dis-
cussed in this report.
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and minimum requirements. Stochastic programs are mathematical programs
where some of the data incorporated into the objective or constraints are un-
certain. Uncertainty is usually characterized by a probability distribution on
the parameters. Although the uncertainty is rigorously defined, in practice
it can range in detail from a few scenarios (possible outcomes of the data)
to specific and precise joint probability distributions. Stochastic optimization
problems occur in many applied problems of engineering design, statistics,
electric power generation and planning, pollution rededication, structural en-
gineering, industrial capacity planning, financial risk management and invest-
ment, business management etc. Stochastic procedures for solving problems
of this kind are often considered and several concepts are proposed to ensure
and improve the convergence behavior of developed methods (Shapiro [45,46],
Kall and Wallace [20], Prekopa [37]).

Stochastic programming models can include both anticipative and adaptive
decision variables. Anticipative variables corresponds to those decisions that
must be made here-and-now and cannot depend on the future observa-
tions/partial realizations of the random parameters. Adaptive variables cor-
responds to wait-and-see decisions after some/all of the random parameters
are observed. A generic anticipative stochastic programming problem can be
formulated as follows:

min: F [f(x,§)] (1)

subject to
Elgi(x,)] <0,j=1,2,k (2)
Elhj(x,8)]=0,7=1,2,.,r (3)
x e X (4)

In an adaptive model, information related to uncertainty becomes partially
available before decision making, so optimization takes place in a learning
environment, which is the essential difference with an anticipative model. An
adaptive stochastic program can be formulated as:

min: E[f(x, §)[A] (5)
subject to
E [gj(X, €)|"4] < 07] = 1,2, 'ak (6)
Eh;(x,¢&)|A =0,j=1,2,.,r (7)
xeX (8)

FE denote the expectation operator.

x = (1, g, ..., Z,) is an n-dimensional vector defined over the set R",

&= (&,%,...,&n) is a m-dimensional continuous stochastic vector defined over
the set R™, and f, g;, j = 1,2,.,k and h;, j = 1,2, .,r, are real valued func-
tions defined on R™™™. X represents (implicitly) the constraints that do not
depend on the random parameters &.

In anticipative model (also referred to as static model), when the constraints



depend on random parameters, feasibility is often expressed in terms of proba-
bilistic or chance constraints. A typical formulation would require that a par-
ticular variable/function lie within a target range with a certain probability or
that the expected value of a penalty for not meeting the target be combined
with the objective and optimized (this is called a problem with recourse). For
technical reasons (chance constrained problems often lead to nonlinear, even
nonconvex, constraints) by far the greater number of applications are formu-
lated as recourse problems.

We consider two classes of stochastic programs: recourse programs and chance
constrained programs.

Most research in stochastic programming, has been devoted to linear, convex
optimization problems and the solution technique heavily rely on the scenario
approach. With advance of computing power, computationally intensive al-
gorithms have been applied in the field of stochastic programming. The use
of evolutionary algorithms into this area has been limited. In this paper, we
investigate the use of genetic algorithms (GAs) for decision making under
uncertainty, in particular, we develop a GA and Monte Carlo Sampling for
chance constrained programming.

2 Chance constrained Programming

(CCP) Chance constrained programming (CCP) was pioneered by Charnes
and Cooper [1]. They suggested three models that have different objective
functions and probabilistic type of constraints, a model that maximizes the
expected value of the objective function (the E-model), a model that mini-
mizes the generalized mean square of the objective function (the V-model),
and a model that maximizes the probability of exceeding an aspiration level
of the objective function (the P-model). CCP is an anticipative stochastic op-
timization approach, which can deal explicitly with variability. In CCP , the
focus is on the reliability of the system, i.e, the system’s ability to meet the
constraints (risk measures) with certain reliability in an uncertain environ-
ment. Through the use of standard probability distribution models, which are
analytically tractable, it is possible to convert the chance constraints into de-
terministic equivalents. This enables CCP to be implemented using standard
mathematical programming packages. CCP techniques have been applied to
many financial [16,53], environmental [21], transportation [44], construction,
energy, chemical processing [35,15] aerospace, and military system [48] opti-
mization problems.



2.1 Alternate CCP Formulation

Many optimization problems arising in risk management can be modelled
using CCP. For the convenience of optimization, the objective function is
assumed in the form given below:

min: - E[f(x,¢)] (9)
max: P[f(x,¢&) < u] (10)

where u is a specified risk level (probability maximization)
subject to

Elgi(x,9)]<0,j=1,2,.k (11)
Elhi(x,§)] =0,j =12, .,r (12)

(expectation constraint form)
P[h](X7£>:O]>6]7j:17277T (14)

aj, B; are the minimum probability measure (reliability/safety index) of the
events g;(x,§) < 0, hj(x,§) = 0 respectively ( individual/separate probability
constraint (IPC/SPC) form )

Plg1(x,€) < 0,92(x,8) <0, ..., gr(x,§) < 0]

Plhi(x,8) = 0,ha(x,£) =0, ..., h(x,§) = 0] = (16)
(joint probability constraint(JPC) form)
E denotes the expectation operator.
x = (1, X2, ...,x,) is an n-dimensional vector defined over the set R",
¢ = (&,&,...,&n) is a m-dimensional continuous stochastic vector defined
over the set R™, and f, g;, 7 = 1,2,.,k and h;, j = 1,2,.,r, are real valued
functions defined on R"*™,
Calculation of the expected values and probabilities can be carried out by
applying two methods: either the first order reliability method (FORM) or
Monte Carlo Simulation. As Monte Carlo is a time-consuming process, the
FORM is usually used to compute the probability.

WV

a (15)

2.2 Transformation of Chance Constraints

When the parameters in a linear CCP problem are normally or exponen-
tially distributed with known means and variances, the stochastic problem
can be transformed into an equivalent deterministic nonlinear programming



problem. The deterministic equivalents are obtained for both individually [50]
and jointly [43] constrained linear CCP problems as given below.

Linear CCP problem with individual chance constraints A CCP with
individual probability constraint can be stated as

Maz : 2(x) =) _ ¢jz; (17)
j=1
subject to
j=1

a€(0,1),i=1,2,..m

If a;;, b;, c; are normally distributed random variables with known mean and
variances. There are seven subcases arising which are as follows:

1) only a;; are random variables

2) only b; are random variables

3) only ¢; are random variables
) @ij, b; random variables
)
)
)

N

5
6
7

a;; and ¢; are random variables
b; and c¢; are random variables
a;j,b; and ¢; are random variables

(
(
(
(
(
(
(

Case I: only a;; are random variables
Let E(a;;) and Var(a;j) be the mean and the variances of the normal random
variable a;; assume that covariance between a;; and a;, is known

n
di = Zaijxj,i = ].,2, M
=1

d; is normal rv with

E(d;) = ZE(a'ij) r5,1=12..,m
7j=1
and

Var(dy)) = X'V X,i=1,2,...m



where V; is the i** covariance matrix defined as

Var(a;;) Cov(a,az) ... Cov(ag, ain)
Covl(a;s, a; Var(as) ... Cov(aj, a;
| Covtanen) Var(a) (0,00 o
Cov(a, a;1) Cov(ai,,a;) ... Var(a,)

above constraint can be expressed as
above equation can be written as

var(d;)

i=1,2,...,m (21)

where ®(z)represents the cdf of the standard normal random variable evalu-
ated at z. If
(I)(Kai) =1- (673

then 2.3 can be written as

o | b= L) > d(K,,,i=1,2,..,m (22)
var(d;)
. — E(d.
bi— E(d) Koyi=1,2,...m (23)
var(d;)

or
E(d;) + Ko,/ Var(d;)) <bj,i=1,2,....,m

Thus the probabilistic LP is equivalent to solving the deterministic NLP prob-
lem:

Maz : 2(x) =) _ ¢z, (24)
=1
subject to
> E(ai)z; + Ko (xTVix < b0 =1,2,...,m (25)

Jj=1
if a;; are independent covariance terms will be zero and above constraint can
be simplified as

Z E(ai]’)l’j + Kai\l Z VCL?"(CI@j)IE? é bZ,Z = 1, 2, " (26)

J=1

D



Case II: only b; are random variables
The constraint 18 can be restated as

b; — E(b;) . > aijry — E(b)

P < < o, 27
o (by) (b)) “ (27)
or o )
i — E(b;
O | —| <D[K_,
i O'(bl) ] [ 1 7,]
This inequality will be satisfied only if
[b; — E(b;) ]
— | €Ki«
O'<bz) [ 1 z]

or
> aijr; < E(b) Ki—a/Var(b;),i =1,2,....,m (28)
j=1

Thus the probabilistic LP is equivalent to the following deterministic LP prob-
lem

Mazx : 2(x) = zn:lcjxj (29)

subject to

n

> aijr; < E(b)Ki—a/Var(b;),i =1,2,....,m (30)
j=1
r;20,7=12,..n
Case III: Only ¢; are random variables
Since ¢; are normally distributed random variables, the objective function
z(x), will also be a are normally distributed random variable. The mean of
z(x) is given by

Elx(x)] = ilE(cj)xj (31)

where E(c;) is the mean value of ¢;. Thus the deterministic problem can be
formulated as an E-model:

n

Maz : Elz(x)] = Z E(c))x; (32)

7j=1
subject to
n
ZCLZ']'I]' < bz,l = 1, 2, .., m
j=1
r; 20,5=12,..n
Case IV: q;j, b; and c¢; are random variables

The constraint 18 can be restated as

o(hi) — o(h;)

P >1l—ai=12..m (33)



where h; is normal random variable defined as
n
hi = Zaija:j — bi,Z = 1,2, ., Mm
j=1

the above inequality can be written as

P [_f(?f(f;)] >0[K,,],i=12..m

the above inequality will be satisfied only if

>Ka,i=12...m

E(hi) + Ka,\/Var(hy) <0,i=1,2,..m

Thus the probabilistic LP is equivalent to the following deterministic NLP
problem

Mazx : 2(x) = ilcjmj (34)

subject to

E(h;) + Ko\/Var(hj) <0,i=1,2,...m (35)
r;20,7=12,..,n
The other cases can be obtained by the combinations of these four cases.

Linear CCP problem with a joint chance constraint A CCP with joint
probability constraint can be stated as

Maz : z2(x) = icjxj (36)

P >1—aq, (37)

3D aiz; < b;
i=1 | j=1

joint probabilistic constraint

r;20,7=12,...,n

Where b;‘s are independent normal random variables with known means and
variances and 0 < a < 1 with a specified probability. The above constraint
can be written as

H Pr
i=1

m by — E(b;) _ iy agxry — E(b)
' [ ob) S ol

Yz <bi| >1—a, (38)
i=

]>1—a, (39)



bi—E(b;) \/: . : :
where ’U(b,()z),w =1,...,m is a standard normal variate with zero mean and
1

unit variance. Hence,

M iz — E(b)
1;[ = >1-—a, (40)

where ® represents the c.d.f of standard normal variable. The equivalent de-
terministic model of the probabilistic LP problem can be presented as the
deterministic NLP problem:

Maz : 2(x) =Y _ ¢z, (41)
subject to

Zal]x] Bio(b;), i =1,....m (42)

30 :
D eap(—2/2) > 2@y + 1)i = 1,.om (43)

3 -0 2
[Mviz1- (44)
=1

0<y; <l,i=1,...m (45)
y; =20,j=1,...n (46)

Thus a probabilistic LP problem with joint probability constraints can be eas-
ily transformed into a deterministic NLP problem. For proof please refer to
[43].

Linear CCP problem with exponential random variables When the
a;; and c¢; are independent exponential random variables with known dis-
tributions, the linear CCP problem can be transformed into a deterministic
nonlinear programming problem. Let E(a;;) = ﬁ_]_, Aij >0,7=1,2,...,n . The
probability density function of the random variable Y; = Z?Zl a;jx; is given
by

n n 2—2 —AikYi/ Tk

X e
H J Z H?:l(xk)\ﬂ _xl)\ik) Zf Y >0 ( 7)
£

j=1 k=1

A proof by induction [26] is given in the Appendix. The deterministic con-
straint can be obtained by integrating the pdf of Y; as stated below.

b;
/ g(y)dy; 21—y, i=1,...m. (48)
0

The above integral can be simplified as follows:

ﬁ \ Zn: 96’2 Lo=Xiyi/zk - . (49)
ij Q;, 1=1,....m
j=1 ’ k=1 Aik Hl71<xk)\il - l"z)\ik) =
I#k



Thus the deterministic model of the linear CCP is

Maz : 2(x) = Y_E|c;]x; (50)
j=1
subject to
n n n—1 = X\iryi/Tk
xy e
Nij k <o, i=1,..,m 51
]':1_[1 ! kz::l Aik H?ii(xk)\il — T \ik) (51)

2.8 Stochastic Metrics

For stochastic optimization problems, we compute two statistics which quan-

tify the importance of randomness. The value of a stochastic solution (VSS)
is the difference in the objective function for the stochastic problem (call it
the stochastic solution, SS or here-and-now, HN) and the objective value for
the deterministic problem computed by replacing stochastic variables by their
expectations(call it the expected value solution, EVS): ie, if

S5 = Ee[f(x", 8],

x* optimal solution of Hél)f(l Ee[f(x,€)]

EVS = E¢[f(2"(E¢),8)] = f(x"(EY), ES),

r*(E€) optimal solution of II'él)I{l f(z, E€) then,
VSS =85S —-FEVS

This computes the benefits of knowing the stochastic variables. We also com-
pute the expected value with perfect information or wait-and-see solution

(WSS). The difference between WSS and VSS is the expected value of perfect
information (EVPI): ie, if

W58 = Eg[f<x*(§)>f)]?

x*(§) optimal solution of Hél)l(l f(z,€) then,

EVPI =WSS5—-S8S

10



2.4 Algorithms and Computational Challenges

The main challenges in designing algorithms for stochastic programming
arises from the need to calculate conditional expectation and/or probability
associated with multi-dimensional random variables. The computational chal-
lenges associated with SP vary a great deal with the class of problems being
discussed. As with any large scale optimization problem, exploiting properties
and structure of the problems provides the key to effective algorithms. Even in
cases where the random variables are discrete, the total number of outcomes
of a multi-dimensional random vector can be so large that the calculations
associated with the summations can be far too demanding. Hence even in the
case of discrete random variables we have to resort to approximations. Dis-
cretization and/or aggregations in multi-stage problems [33,13,30] result in
alternative sample paths or data scenarios that allow us to control the growth
of the scenario tree.

A general CCP problem involves an objective function with several linear /nonlinear
joint /individual probabilistic constraints. The resulting problem can be clas-
sified as a nonlinear programming problem where the nonlinear constraint
involves a multidimensional integral. The computation of the probabilistic
constraint and its gradient involves Monte Carlo integration, which results in
inaccurate function values and gradients. Non convexity of objective function
and constraints is another issue. Another source of severe numerical difficulties
has its roots in the nature of probability distribution functions: the magnitude
of the components of the gradient is usually very small outside a narrow region.
The algorithms for the solution of probabilistically constrained problems are
based on general nonlinear programming algorithmic schemes, which are spe-
cialized to utilize the structure of problems with joint/individual probabilis-
tic constraints. For certain distributions (including multinormal) and certain
probability levels the linear CCP problem with separate chance constraints
turns out to be a convex programming problem. In the general case for cer-
tain multivariate distributions and probability levels convex programming al-
gebraic equivalents exist. Prekopa [36] discusses several approaches for solving
chance-constrained models including gradient methods and the use of penalty
functions.

Another approach is to use an evolution program for solving the CCP prob-
lem. Genetic Algorithms can be used to solve extremely complex search and
optimization problems that are difficult to handle using analytic or simple
enumeration methods. The design of a simulation based GA is given chapter
5.
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3 Risk Management

Risk Management is the act of taking effective and reasonable steps to mini-
mize risk. It is a systematic approach to setting the best course of action under
uncertainty by identifying, assessing, understanding, and acting on and com-
municating risk issues. The modelling of risk is at present the most challeng-
ing risk management tasks in quantitative finance. There are various measures
used to evaluate risk in finance (especially in portfolio optimization). Each give
the portfolio manager a different level of information. The ultimate objective
of every manager is clearly to obtain a profit as a result of risk management.

3.1 Definition and Classification of Risk

Risk refers to the loss due to uncertainty that surrounds future events and
outcomes. It is the expression of the likelihood and impact of an event with
the potential to influence the achievement of an organization’s objectives. Risk
can be defined as a trinity of risk event w, risk probability P, function of risk
losses u:

R = (w, P,u)

A risk event w is a random event that is connected with any project decision,
risk probability P is the probability of the risk event, loss function u is the
function u(w) that defines the damage if the risk event w € Q, where Q) is
a set of risk events, occurs. In the continuous case, risk is defined as the
mathematical expectation of damage

Risk = /u(w)p(w)dw

In the discrete case, risk is defined as

Risk = Z U;P;

i=1

where p; is the probability that the hazard event ¢ will occur and w; is the
damage and the cardinality of set €, |Q2] = n. The major types of risk are -
(1) Objective risk, (2) Subjective risk, (3) Perceived Risk.

Objective risk, R,, and objective probability, p,, which is the property of real
physical systems. Subjective risk , R,, and subjective probability, ps, which
is the degree of belief in a statement. R, and p, are not properties of the
physical systems under consideration (but may be some function of R, and p,
). Perceived Risk, R, which is related to an individual’s feeling of fear in the
face of an undesirable possible event, is not properties of the physical systems

12
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Risk
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t Risk Control
& Monitoring

Fig. 1. Risk Management Framework

but is related to fear of the unknown. It may be a function of R,, p,, Rs, and
Ds-

3.2 Risk Management Framework

Risk management is the focused management of risks to the achievement of an
organizations operational objectives, and involves the following six activities,
classified under two categories 1) risk assessment, 2) risk control. A schematic
representation of the risk management framework is given in figure 1.

Risk Assessment

i Risk identification: this involves tracking of the risk through data compi-
lation and analysis. Risk Identification methods should have the following
attributes:- (1) they should examine all areas of the system in a system-
atic manner, (2) they should be proactive rather than reactive, and (3)
they should synthesize risk information from all available sources of risk
information.

ii Risk analysis: This involves defining the risk event, calculating the prob-
ability of the risk event, and then estimating the mean damage of the
risk event.

iii Risk prioritization: The objective of Risk Prioritization is to prioritize the
identified risks for mitigation. Both qualitative and quantitative methods
can be used to categorize the risks as to their relative severity and po-
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tential impact on the project. To effectively compare identified risks, and
to provide a proactive perspective, the risk prioritization method should
consider the following factors:- (1) the probability of the risk occurring,
(2) the consequence of the risk, and (3) the cost and resources required to
mitigate the risk. At the conclusion of risk prioritization, a consolidated
list of risks is created.

Risk Control

i Risk management planning: This involves the following steps:- (1) proto-
type risk management plan, (2) assigning responsibility and accountabil-
ity, and (3) choosing the right tools and techniques.

ii Risk resolution: Once the probability of system success/failure or the
loss due to the uncertainty is calculated, the model can be used to study
alternatives that decreases the probability of failure or the loss associated
with it. This step, or the whole process can be iterated until a solution
is achieved.

iii Risk monitoring: this is to control and monitor the risk, communicate
and document the process and decisions.

Effective risk management implementation is continuous and iterative, re-
quiring an on-going process of risk identification, prioritization, resolution and
monitoring.

3.8 Mathematical Techniques for Risk Analysis and Quantification

Practical measurements of risk are extremely important for risk management.
Theories and algorithms of simulation, optimization, multi-objective analysis
and decision making under uncertainty are all applicable to risk management
including both, stochastic and fuzzy set approaches. The following is a pre-
sentation of available techniques for risk management [49].

Stochastic Simulation Simulation models describe the state of the system
for various inputs. They, however, give no direct measure of what decision
would be taken to improve the performance of the system. Major components
of a simulation model are:

Input - quantities that drive the model

Physical relationship-mathematical expression of the relationship among the
physical variables of the system being modelled

Non-physical variables-those that defines economic variables etc.
Operation rules - rules that govern operational control

Outputs-the final product of operations on inputs by the physical and non-
physical relations in accordance with operating rules.

14



Stochastic Optimization Generally there are two categories of stochastic
optimization techniques:

(1) Implicit - which use deterministic models with the generated sequence of
random variables/vectors called scenarios. This approach is usually used
for solving multistage stochastic recourse problems.

(2) Explicit - which incorporate uncertainty directly in the objective function
and/or constraints. In this case, the joint/individual probability distri-
bution function of the random variables will be known.

Stochastic Multi-Objective Analysis Many practical instances of decision
making involve replacing single-objective optimization with multi-objective
analysis. The importance of considering multiple objective at a time is empha-
sized by the existence of several conflicting and incommensurable objectives
in every step of the risk management process. A multi-objective programming
problem may be given as:

Min :
Z(X,f) - [Zl(xa 5)7 ZQ(X’ €)7 SR Zp(xa g)]
x € X

where X represents the feasible solution set determined by the problem con-
straints,

Z = (Z,,%,...,Z,) is a p-dimensional vector of objectives,

x = (21, X2, ..., x,) is an n-dimensional vector defined over the set R",

¢ =(&,&, ..., &n) is a m-dimensional continuous stochastic vector defined over
the set R™.

Above formulation of multi-objective problem may include uncertainties of
different nature. It has been shown that it is possible to deal with random
variables in constraints and objective functions of stochastic multi-objective
programming problem. The attitude of the decision maker towards risk can
be directly incorporated into the analysis through the consideration of risk as
one of the objective functions Z(x, ).

Other tools used for risk management are stochastic modelling, fuzzy opti-
mization, decision theory, regression analysis, fuzzy multi-objective analysis,
neural networks, rule-based expert systems, genetic algorithms, simulated an-
nealing, dynamic search space reduction.

3.4  Measures of Risk

Measuring risk is at the core of modern risk management. We give an overview
of the existing approaches to risk quantification. Mathematically, a risk mea-
sure p is a function mapping distribution of losses G to R (i.e. p: G — R).
Various risk measures and their properties are given by Albrecht[2] and Urya-
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sev et. al [52,41,11].
3.5  Risk as Magnitude of the Distance from a Target

Let a financial consequence u such as loss, reward, demand etc be represented
as a stochastic function f(x, &) where z is decision vector (eg. number of units
bought, fraction of asset invested) and & is a vector of uncertain variables (eg.
random returns, uncertain prices).

Two-Sided risk Measures Two-sided risk measures measure the magnitude
of the distance (in both directions) from the realizations of u to E(u). Different
functions of distance lead to different risk measures. Looking at quadratic
deviations (volatility) leads to the risk measure variance given by

Var(u) = E | (u - E(u))?]

Two sided risk measures contradicts the intuitive notion of risk that only
negative deviations are dangerous, only downside risk that matters. In addition
variance does not account for the fat tails of the underlying distribution and for
the corresponding tail risk. This leads to higher (normalized) central moments
(eg. skewness and kurtosis) being included in the analysis to asses risk more
properly. Considering the absolute deviation as a measure of distance, we
obtain the mean absolute deviation(MAD)- measure

R(u) = Elfu — E(u)]]
or more general risk measures of degree k like,
R(u) = E [[u— E(u)|*]

and Uk
R(u) = E [Ju — E(u)|*]

Measures of Shortfall Risk Measures of shortfall risk are one-sided risk
measures and measure the shortfall risk (downside risk) relative to the target
variable. This target may be the expected value, but in general it is an arbi-
trary deterministic target z (target gain,target return, minimum acceptable
return) or even a stochastic benchmark. A general class of risk measures is
the class of lower partial moments of degree k.

LPMy(z,u) = F {ma:c(z —u, O)k}
or, in normalized form(k > 2)

R(u) = LPM,(z,u)"*

16



Basic cases playing important role in applications, are obtained for k£ = 0, 1, 2.
These are shortfall probability

SP.(u) =Pu<z)=F(z)
the shortfall expectation
SE.(u) = E [max(z — u,0)]
and the shortfall variance
SV, (u) = FE {max(z — u, 0)2}
Variations are obtained for z = E(X) lower-semi-absolute-deviation(LSAD)
R(u) = E [maz(E(u) — u,0)]

the semivariance

R(u) = E [maz(E(u) - u,0))?|
Another variation is to consider conditional measures of shortfall risk. The
mean excess loss(conditional shortfall expectation)

MEL.(u) = B (z = uu < 2) = giéiﬁ;

the average shortfall under the condition that a shortfall occurs.

Despite the advantage of being closer to an intuitive notion of risk, shortfall
measures have the disadvantage that they lead to greater technical problems
with respect to the disaggregation of portfolio risk, optimization and statistical
identification.

3.6 Risk as Necessary Capital or Necessary Premium

Value at Risk (VaR) The VaR at confidence level a and time horizon ¢,
given the probability distribution of the future loss of a financial institution,
is the quantity such that in less than (1 — )% of the cases the loss will exceed
this level. In practice, the time horizon used is ten day period and the a-level is
quite high, typically 99% or 95%. A rigorous definition of VaR is given below:
Let f : R" x R™ — R be a loss function which depends on the decision
vector x belonging to the feasible set X C R™ and a random vector £ € R™.
The vector x can be interpreted as representing a portfolio, with X as the set
of available portfolios (subject to various constraints). Suppose the random
vector £ is governed by a probability measure P that is independent of x.
Consider that the random vector ¢ has the probability distribution function
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p : R™ — R. For each z, denote by ®(x,.) on R the resulting distribution
function for the loss z = f(x,§), i.e.,

O(z,VaR) = P{¢|f(z,§) < VaR} (52)

or<van (§)dg (53)
By definition, ®(x, VaR) is the probability that the loss function f(x,&) does
not exceed the threshold VaR. The VaR function, VaR,(z), which is a quan-
tile of the loss distribution is defined in the following way

VaR,(x) =min{VaR € R: &(z,VaR) > a} (54)

There are many methods to calculate VaR, which fit different market condi-
tions, data set and precision requirements. Generally we can classify them into
three types:

e variance-covariance method
e historical simulation method
e Monte Carlo simulation method

The detailed discussion about historical and Monte Carlo simulation methods
was given by Dowd [10]. Monte Carlo simulation is frequently used to estimate
the VaR. One greatest drawback with Monte Carlo simulation is its large
requirement of computer resources.

Conditional Value-at-Risk (CVaR) For continuous distributions, CVaR
is defined as the conditional expected value of losses under condition that
they exceed VaR, which is denoted by CVaR,(x). We can write the CVaR
function, CVaR,(x), as follows

CVaRo(x) = E[f(x,8)[f(z,§) =2 VaRa(x)]

When the loss distribution has no jumps, CVaR function can be written as

CVaRy(x) = (1— oz)_l/ f(x, &)p(€)dE (55)

f(@,8)2VaRa(z)

For general distributions, including discrete distributions, CVaR is defined as
the weighted average of VaR and losses strictly exceeding VaR. Denote by
CVaR,(x)* the conditional expectation of losses strictly exceeding VaR. For
general distributions, consider the augmented function,

F(z,VaR) = \VaRy(z) + (1 = \)CVaR.(z)" (56)

where A\ = [®(z, VaR,(x)) —a] /[l — a] € [0,1] [47]. Under the assumption
that the loss function f(z,§) is convex, and it can be shown that F,(z,VaR)
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is convex and continuously differentiable with respect to VaR and CVaR,(x)
is convex with respect to x. Moreover, minimizing the CVaR over any z € X,
is equivalent to minimizing F,(x,VaR) over (z,VaR) € X x R, i.e.,

min CVaR,(x) =  min F,(z,VaR) (57)

rxeX (z,VaR)eX xR

If, in addition, X is a convex set, then the CVaR minimization problem

min F,(z,VaR) (58)
(z,VaR)eX xR

is a convex programming problem. CVaR is a coherent percentile risk measure
and is the preferred risk measure to VaR. CVaR is a sub-additive measure
of risk compared with VaR which is not sub-additive. Sub-additivity means
diversification of portfolio reduces CVaR, but may increase VaR. Also, VaR
does not provide any information about the amount of loss exceeding VaR.
The reader is referred to [2] and Uryasev et. al [52,41,11] for proof.

4 A Genetic Algorithm Based Computational Framework for Stochas-
tic Programming

In this chapter a method for solving stochastic optimization problems by a
Genetic Algorithm(GA) and finite series of Monte-Carlo samples is consid-
ered. We use a multiplicative penalty function to penalize the infeasibility of
the solutions. The design of the genetic algorithm is investigated in detail.
Several numerical experiments are carried out to show the effectiveness of the
algorithm for nonlinear stochastic programming.

4.1  Qverview of Genetic Algorithms

GAs have been applied to optimization problems in many fields, such as opti-
mal control problems, job scheduling, transportation problems, pattern recog-
nition, machine learning and so on [29,12,27,24]. It is a powerful search algo-
rithm, which starts with an initial set of random potential solutions called the
population and uses a process similar to biological evolution to improve upon
them. These are robust algorithms that are capable of optimizing multi-modal,
noisy, dynamic functions. They can be distinguished from similar search and
optimization procedures by the following characteristics:

e They operate on a representation of the parameters to be modified and not
on the parameters directly.
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e GAs search in a parallel manner with a multi-individual population being
considered at the same time instead of the individuals being examined one
by one. Hence they work well in parallel implementation.

e GAs do not require specific information about the function (such as first
or second derivatives) and only need some way of evaluating the fitness of
solutions (payoff information).

e The solutions are modified in an iterative manner using probabilistic op-
erators, not deterministic ones. GAs constitute a directed global random
search procedure.

e They work with various data types.

e They create a list of potential optimal solutions, not just a single solution.

A simple GA works as follows: GAs start out with an initial population of
possible solutions (individuals) to a given problem (the environment) where
each individual is represented using some form of encoding as a chromosome.
These chromosomes are evaluated in some way for their fitness (i.e. the ex-
tent to which the individuals they represent are suitable to the environment).
Using their fitness as a criterion, certain chromosomes in the population are
selected for reproduction based on fitness (survival of the fittest). These se-
lected individuals are manipulated by crossover and mutation operators. The
crossover operator is applied to a pair of selected parents to create offspring,
and the mutation operator is used as a slight modification to this offspring,
or of the remaining members of the population. The repeated application of
the genetic operators to the fittest chromosomes results in an increase in the
average fitness of the population over time and thus to the identification of
improved solutions to the problem under investigation. Each new generation
of solutions is seen to be in some sense an improvement over the previous
one. This process is iteratively repeated until there appears in the population
an acceptable solution to the problem at hand. This is summarized as given
below.
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Structure of a Simple GA

SimpleGeneticAlgorithm{
initialize population;
evaluate population;

While satisfactory solution not located

{

scale population fitness;
select solutions for next generation;
perform crossover and mutation;

evaluate population;

}

Several methods had been proposed to handle constraints with GAs [40,28,17,3].
Many adaptive penalty function schemes for GAs have been discussed in
3,31,8]. An Extended Hybrid Genetic Algorithm (EHGA), that makes use
of the gradient direction of the objective function was proposed by Fung [18].
Mitsuo Gen et.al. [24,51] and Lino Costa et.al. [7] proposed a method for solv-
ing nonlinear mixed integer programming problems using genetic algorithms
and multiplicative penalty function. They used the mean of satisfactory de-
grees of system constraints for constructing the penalty function. Here we make
use of a modified form of the evaluation function for stochastic optimizations.
Some disadvantages with GA are:

e Difficult to understand and explain to end users.

e Abstraction of the problem and method to represent individuals is quite
difficult.

Determining fitness function is difficult.

Determining how to perform crossover and mutation is difficult.

Tuning of GA parameters takes significant time.

GAs are computationally very intensive and the optimum solution is not
guaranteed.

4.2 Approaches for Generating Candidate Solutions

There are several approaches proposed in genetic algorithms to handle con-
straint optimisation problems. They can be divided into four categories:
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Discarding infeasible solutions,

Preserving feasibility of solutions, either from a special representation method
or from some special genetic operators,

Repairing infeasible solutions to feasible ones,

Penalizing infeasible solutions and making solutions adhere more and more
to feasible regions of search space.

Each method has its own advantages and disadvantages. And there are some
hybrid methods that apply more than one of those approaches to balance the
strong/weak points of them.

Discard Infeasible Solutions In this approach we simply discard infeasible
solutions and continue recombination and mutation until a feasible solution
is produced. This approach has the advantage that there would never be any
infeasible solutions in the population. But it also has the disadvantage that
feasible solutions may be difficult to find, because it can spend a great deal
of time in the evaluation and rejection of those infeasible solutions, especially
when the problem is highly constrained. Further more, it considers no points
outside the feasible regions of the search space, which could be bad. Because
constraint management techniques allowing movements through infeasible re-
gions of the search space tend to yield more rapid optimization and produce
better final solutions than do approaches limiting search trajectories only to
feasible regions of the search space. And for cases when optimal solutions lie
on the boundaries of feasible regions, this approach will not work well.
Preserve feasibility of solutions Preserving feasibility of solutions usually
requires problem specific chromosome representation and /or genetic operators.
One approach of preserving feasibility is to combine the probabilistic mech-
anisms essential in classical GAs with heuristics common in traditional con-
straint satisfaction problems. The resulting algorithm is often called Heuristic
Genetic Algorithm (HGA). In HGA, the classical uniform random mechanism
of the crossover operator is replaced by a deterministic or probabilistic mech-
anism based on heuristics, which takes into account some of the prescribed
constraints. This special heuristic genetic operator is created to counterbalance
feasibility and randomness. Namely, the application of heuristics improves the
performance of the blind random mechanism and the random component can
compensate the strong bias introduced by the heuristics. One big problem with
HGA is that although adding heuristics to GAs will improve performance in
the first few generations, the performance will degrade rapidly due to the fact
that heuristic crossovers tend to decrease genetic diversity much faster than
non-heuristic ones. Same as the first category, this kind of solutions has the
advantage of never or rarely generate infeasible solutions, but it suffered from
difficulties in finding the feasible solutions or inefficiency in reaching the op-
timal solution. And being problem specific is another major disadvantage of
this approach.

Repair Infeasible Solutions This strategy depends on the existence of a
rapid, deterministic repair procedure for converting a solution that violates
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hard constraints into one that does not. There are two kinds of repair process
for infeasible solutions:

(1) To replace infeasible chromosomes with their repaired counterparts gen-
erated for purposes of evaluation,

(2) To use the repair strategies to determine the evaluation of a solution, and
not used to modify the genetic composition of the chromosome itself.

In practice, replacing original solutions with their repaired counterpart works
well when solutions in the feasible regions are better at the center than at the
edges. And non-replacement method works well when there are many disjoint
feasible regions because it allows the optimization process to wander widely
in the search space so that movement from basin to basin can occur. How-
ever, if the best solutions tend to lie at the center of the feasible regions, then
the algorithm might never wander close enough to the feasible region to find
them. There are a great many factors that will impact the performance of al-
gorithms employing these repair strategies. Such factors include quality of the
repair mechanism; the amount of CPU time required to generate a repaired
solution; the gradient of the search space outside the feasible regions; and the
diversity and nature of the mapping from infeasible points to feasible ones.
Penalize Infeasibility Penalty functions have been used to transform a
constrained optimization problem into an unconstrained optimization prob-
lem. There are two kinds of commonly used penalty functions for infeasible
solutions. One is to launch a uniform penalty function for infeasibility during
all iterations. The other is to launch negligible penalties for infeasibility at
the beginning of the optimization process and with such penalties gradually
becoming larger and larger. The later approach seemed to be a better one
because it allows the GA to explore more of the searching space at the begin-
ning. And by increasing the penalty proportionally to the generation number,
it increases the pressure for the population to generate more feasible solutions
later on and converge at the end. Also, it has been shown that penalty func-
tions based on the distance from feasibility outperform those based on the
number of violated constraints.

Penalizing infeasible solutions has the advantage that it is able to consider
infeasible solutions. But, it has the disadvantage that it may never generate
feasible solutions: the initial negligible penalties for infeasibility may lead the
algorithm to regions far from feasible solutions — regions in which the search
process may be stranded in infeasible local optima as penalties for infeasibility
increase. And applying penalty to the infeasible solutions requires a careful
selection of control parameters (like a degree to which each constraint is pe-
nalized). If one imposes a high degree of penalty, more emphasis is placed
on obtaining feasibility and the GA will move very quickly towards a feasible
solution. The system will tend to converge to a feasible point even if it is far
from optimal. However, if one imposes a low degree of penalty, less emphasis is
placed on feasibility, and the system may never converge to a feasible solution.
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Furthermore, penalty functions are often computationally expensive in more
constrained problems.

4.8 Computational Framework Combining GA and Monte Carlo Simulation

This section focuses on solving a stochastic optimization problem using ge-
netic algorithm and Monte Carlo simulation. The outline of the optimization
system is given in figure 4. The stochastic and deterministic functions that
defines the optimization problem is passed to the GA module. If the function
is stochastic, the GA module will invoke the Monte Carlo module to get an
approximate estimate of the function value and for deterministic case simula-
tion is not done.

To design the GA, we choose a convenient problem representation. Let the
inequality constraints given in the formulation be mapped into G;(x) < 0,7 =

1,2,...,p and the equality constraints be mapped into H;(z) =0,i =1,2,...,q
to obtain a deterministic equivalent of the formulation given in 2. Now the
model to be solved using GA is

min:  E[f(x,§)] (59)
or
max: P [f(x,¢) < (60)
subject to
H;j(x)=0,7=1,2,...,q (62)
x]L < zj <x§[,j: 1,2,..,n (63)

The GA is designed for the above problem as given below:

Penalty Function The GAs usually optimizes an unconstrained problem.
In this algorithm a penalty function is used to transform the constrained op-
timization problem into an unconstrained one. There are several methods for
constraint handling within the genetic algorithm framework. Additive penalty
method (APM)[17,3,51,7], is a commonly used penalty function approach in
which a penalty cost proportional to the total constraints violation is added to
the objective function. Multiplicative penalty method (MPM)[24], multiplies
the objective function by a factor proportional to the total constraints viola-
tion. Here an adaptive MPM is used for the evaluation function of the GA by
introducing the degree of constraints satisfactory in order to solve constrained
optimization problems. The various notations are defined as follows.
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Define the violation of system constraints as follows:

[Gi(x)], = max{0,Gi(x)}, 1=1,2,....,p
=maz{0, H;(x)}, i=1,2,.....q (64)
[H;(x)]_ =min{0, H;(x)}, i=1,2,....,q

Define the maximum violation of constraints in current population as follows:

[Gi(x)] " = mkax{[Gi(x)h}, i1=1,2,....p
[H;(x)]} " = m]?x{[Hi(x)h}, i=1,2,....,q (65)
[H;(x)]™" = mlgn{[Hi(x)]_}, 1=1,2,.....q

where £k =1, ..., popsize where popsize is the current population size.
Now introduce the degree of constraint satisfactory, a;(G;(x)) for inequality
constraints and «;(H;(x)) for equality constraints are evaluated in the follow-
ing way: 1. For each inequality constraints,

[Gi(]IT** -Gi()],
[J(X)]Taz - lf GZ(X) > O

2. For each equality constraints,

1 if H,(x) = 0
ai(Hy(x)) = { B0 3¢ ) > 0, 6= 1,2, (67)
<0.

H(x)]maac

)
|
H ™" [l o 7y
oo Hi(x) <

The degree of satisfaction of constraints « is illustrated in figures 2 and 3.
Using the degrees of constrained satisfaction, we create the penalty function
P(v,x) for the maximizing problem, for which P(v,x) = 1, if the candidate
solution is feasible, and if the candidate solution violates all constraints in
maximum way, P(v,x) = 0, as follows:

P = SaGe+ Same)| e

Thus for maximizing case 0 < P(v,x) < 1.
For minimizing problem, the penalty function P(~, x) is created to be P(vy,x) =
1, if the candidate solution is feasible, otherwise 1 < P(v,x) < 27, as follows:

Po) = {o- L[S oG+ Samm)|) @

P+q
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Multiplication of satisfactory degrees of all system constraints can also be used
for constructing the penalty function. In the case of maximization penalty
P(v,x) is:

P60 = { [ [T G000 TT vt b (10)

In the case of minimization penalty P(,x) becomes:

q

P = o= [ [TaGi0). st | | ()

i=1

where v > 1 is called penalty parameter.

Evaluation Function The penalty is multiplied with the objective function
value to obtain the fitness value of the solution. The mean and the product of
satisfactory degrees of all system constraints are used for construction of the
evaluation function. Both of them can be used for creating the penalty term.
The penalty is multiplied with the normalized objective function value (or to
a power of this value) to obtain the fitness value of the solution. Thus the

a(Gi(z))
feasible
infeasible

Gi(x)p Gi(z)+

0

Fig. 2. Degree of satisfaction of inequality constraints in GA

a(H;(z))

infeasible infeasible

fz‘(f)— H;i(2)™ Hi(x)7e  Hi(x)y

0

Fig. 3. Degree of satisfaction of equality constraints in GA
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evaluation function (fitness function) of GA for a solution x is constructed as
follows:

0 Bl GO =Bf (&)™
F(x) = e FUOMm-BIo™™ P(y, X) (72)

For probability maximization it is

P[f (3,6) Su] = P[f (3,6) Su] ™7

F(x) = " PUO<um™ TP <u™ P(7y, X) (73)

Where a is a nonnegative control parameter and superscripts max and min
indicates the maximum and minimum respectively in the current population.
The normalized values of the objective function of the individuals in the pop-
ulation ranges from 0 to 1. Thus the best fitness value an individual can have
is 1 in the case of minimization. The fitness values of the individuals in a
population can vary from 0 to oco.

Chromosome Representation A Real valued representation scheme is used
for solutions. Thus, an individual V, the k-th chromosome of the population,
is represented as follows:

Vi = [z, ..., 2%] where k= 1,..., popsize,

with zF e R (i=1,--- ,n).

Initial Population Individuals Vj, = [zF,....,2%] (k = 1,..., popsize) of the
first population are generated by uniform random sampling, with [; < z% < u;,
where [l;,u;] (i=1,...,n)

Selection of Parents In proportional selection, the individuals are selected
according to their relative fitness values. The selection probability of k-th
individual at generation ¢ is given by

o F(VE)
pS(Vk) - Ziflszze F(VZ) (74)

In proportional selection, the individuals are selected according to their rela-
tive fitness values. Proportional selection is usually implemented with a Monte
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Carlo or roulette wheel selection. The pseudo code is given below.

Proportional selection
Input: The Population P(g)
Ouput: A pair of chromosomes V', V/y
Exponential  (Vi,-- -, Viyopsize)
s «— 0
for 1+—1 to popsize do
si < si-1 +ps(Vi)
endfor
fori «—1 to 2 do
r < random|0, Spopsize)
V'V, such that s, <7 < g
endfor

return  {V’, V'y}

In rank based selection, the population is sorted from best to worst. Rank 1 is
assigned to the best and rank popsize is assigned to the worst individual. The
probability that an individual will be selected for reproduction is inversely
proportional to the rank assigned to it. In exponential ranking selection, the
probabilities of the ranked individuals are exponentially weighted. Thus, the
selection probability of k-th individual at generation g is given by

(rankk—1) 1 —
P(VE) = = = (75)

Zz@fize clranky—1) 1 — cpopsize
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where ¢, 0 < ¢ < 1 is a probability distribution parameter that controls the
distribution used for choosing parents. The procedure is given below.

Exponential ranking selection
Input: The Population  P(g)
Ouput: A pair of chromosomes V';, V',
Exponential — (Vi,--, Vyopsize)
So < 0
for i<—1 to popsize do
8i = Si—1+ ps(Vy)

endfor
fori «—1 to 2 do

r «— random/[0, 1]

V' «—V; such that s,_; <r<s
endfor

return  {V’, V'y}

Genetic Operators Arithmetic crossover operator (which is defined as a
linear combination of two chromosome) is used. With arithmetic crossover,
given two chromosomes selected for crossover in generation g, V? and V7,
we obtain two offsprings by means of linear recombination of their parents as
follows:

VI = VI 4 (1 - ) V7 (76)

J
Vit = eV + (1 - ) V! (77)

J,l € 1,2, ..., popsize where c¢ is a random number in the range [0, 1].

Uniform mutation changes a single component of an individual. Given an in-
dividual Vy, = [2%, ... 2¥ ... 2F], uniform mutation generates an offspring
V), = [aF, -2, -+ 2F] where /¥ is a random value from the domain of
the random variable.

Nonuniform mutation is used for manipulating non-integer variables. The ac-
tion of non-uniform mutation depends on the age of the population, and its
effect is a local fine tuning in the last generations of the GA. Given an indi-
vidual Vy = [2%, -+ 2F ... 2F] nonuniform mutation generates an offspring
V'), = [k, a/F - 2F] with

79

" (1 — p)z¥ + pzkF with probability 1/2
(1 — p)a¥ + pz with probability 1/2

29



Where [zF, 2] is the domain of the variable, i € {1,2,...,n} chosen randomly
and p = (1 — g/G)" u, g is the current generation number, G is the maximum
number of generations, B > 0 is a tuning parameter and u ~ U(0, 1).

— User

Deterministic
objective
/constraints
Y

Stochastic Stochastic Stochastic
Modelling| . objective/ »optimization GA o User |
-Parameter . roblem Optimizer Interface
estimation constraints p .

4

Monte Carlo
Simulation

Fig. 4. Stochastic optimization using GA and Simulation

4.4  Procedure

Step 1: Set population size popsize, crossover probabilities p., mutation prob-
ability p1, Pme, maximum generation GG , current population g = 0, the
penalty parameter 7, the control parameter a, and the constant value B for
the non-uniform mutation.

Step 2: Generate initial population V2(k = 1,--- , popsize)

Step 3: Use Monte Carlo Simulation to obtain the expected values and prob-
abilities in constraints for each chromosome in the population. Compute the
objective function values by Monte Carlo Simulation. Determine the fitness
value F'(Vy), of each chromosome as described earlier.

Step 4: Select parents from P(g) by using a selection strategy. Select elites
from P(g) for the next generation. Perform crossover and mutation to gen-
erate a new population P(g+ 1). Set g = g+ 1.

Step 5: If g < G, goto Step 3. If ¢ = G, output the chromosome with the
best feasible solution and terminate.

4.5  Fvaluation of Fxpected Values and Probabilities

Available methods for evaluating the expected values and probabilities are
Monte Carlo Simulation (MCS), first order reliability method(FORM), second
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order reliability method (SORM), and the family of advanced mean-value
methods. In order to get the mean value and standard deviation of f(x,¢),
the objective function can be expanded using Taylor series around the mean
value of the random variables (&;), and only linear terms in the Taylor series
are considered as below:

m 78.][‘

J )~ O+ 26 -85
i=1 tle=¢

(78)

where &, and £ denote the expected values of the random variable £ and
random vector ¢ respectively. The mean and standard deviation of f(x,&) can
be given as:

E[f(x,&)] = f(x,¢)

) (79)
Var [f(x,€)] = S Sy 5ok

7001) (&, 5])
&=¢

Monte Carlo Simulation Suppose we need to evaluate a multi-dimensional
definite integral of the form

b1 b2 bn
I, = / / ..... flzy, xa, ..., xy)dxydas.. dxy (80)
a1 Jao

Generate random numbers z; with uniform probability density function given

by

—— if a; <a; < by
filw) =4 "7" (81)

0 otherwise.

then assuming z; are independent

In = H(bl — CLz)E [f(]fl,.r27 ceey .%'n)] (82)
DL i i
z]\sz:lf(xl,:zc27 ey @) (83)

is a random variable whose expectation is the value of the integral and whose
standard deviation is O(N~/2), D is the volume of the bounded region. In
contrast to the classical method of solving multiple integrals by iteration, the
number of sampling points to obtain a given degree of accuracy is indepen-
dent of the number of dimensions, which makes Monte Carlo simulation very
attractive for very large number of dimensions. The time complexity of the
problem will be the sum of time spent for Monte Carlo Simulation and the time
spent for the evolution program. The time spent for Monte Carlo simulation
is exactly proportional to the number of sampling points. Time complexity of
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the evolution program increases linearly with the number of decision variables.
Thus the expected values of the form E[f(x,&)] = [Jgm [(X,£)0(£)dE can be
estimated as 2 YN f(x,&)0(&).

The application of the Monte-Carlo procedure usually requires 1000-2000 tri-
als for statistical simulation and estimation of one value of the function. The
iterative method used here to solve the deterministic optimization problem
resulting from sampling is based on an evolutionary algorithm. In this, a new
sample is generated at every iteration rather than fixing a sample from the
beginning. A study of variable-sample techniques for stochastic optimization
problems is given in Tito [14]. The procedure is as given below.

Procedure MCS for Expected Value

for ¢=1 to number_simulation do

& = vector_random/();

objective+ = f(x,&)p(&h);
endfor

objectivex = D [number_simulation;

For any given x the following Monte Carlo technique can be used to esti-
mate probabilities of the form P[g;(x,&) < 0] and P[h;(x,&) = 0]. We gener-
ate independent random vectors &, from their probability distributions, where
the generating methods have been well-discussed by numerous literatures and
summarized by [42]. Let N be the number of occasions on which g;(x,£) < 0
or hj(x,§) = 0, ie. Number of random vectors satisfying the constraints. Then
by the basic definition of probability, P [g;(x,{) < 0] or P [h;(x,£) = 0] can
be estimated by

Plgj(x,§) <0} or  Plh;(x,§) = 0] = N'/N (84)

Certainly , this estimation is approximate and may change from a simulation
to another. But it is available to real practice problem since the determination
of the confidence level av or (3 itself is not precise. The procedures are as given
below.

Procedure MCS for Probability
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for i=1 to number_simulation do

& = vector_random/();
if g(x,¢) <0
probability+ = 1;
endfor
probability/ = number_simulation;
for 1=1 to number_simulation do
& = vector_random/();
if  h(x, &)=
probability+ = 1;
endfor

probability/ = number_simulation;

The probability distribution and probability density function of the stochastic
vector x are ®(&) and ¢(§) respectively.

Importance Sampling

Various reduction techniques have been proposed in order to improve the
accuracy and efficiency of the MCS method. Importance sampling (IS) is rec-
ognized as the most efficient reduction technique [54]. The key-idea of this
technique is to select a non-negative importance sampling density function
fs(€). Instead of choosing points from a uniform distribution, they are now
chosen from a distribution which concentrates the points where the function
being integrated is large.

Plu) <ol= [  fioie=[ T8 poe o

An unbiased estimator of probability is given by

Plyx.©) <0 = 53 (56)

Each &' is generated using f,(£%). I(£%) is an indicator for the successful and
unsuccessful simulations defined as

1) = Lif  g;(x,¢) <0 (87)

0 if gj(X, 51) >0

In stochastic optimization, the stochastic module is required to run with a
large number of iterations at each optimization stage. So the computational
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intensity of this stochastic optimization method is large. In order to circum-
vent this, a novel delayed sampling approach is proposed in [19].
First-Order Reliability Method (FORM) FORM analysis presumes that
the mean and covariance are sufficient to characterize the distribution of the
dependent variables, i.e., the model results are assumed to be normally dis-
tributed. Therefore FORM is a computationally more efficient approach. The
original random parameter is transformed into an independent and standard
normal random parameter. We have

Pl <ol=[ .. [ 6,60 )1t (88)

] 75) <0

fe(€) is the joint probability density function of all random parameters. Con-
straints g;(x,£) < 0 are generally nonlinear. To overcome this difficulty, the
constraint function is expanded as a Taylor series at the mean values of the
random variables and only the linear part is taken into account. Thus the
above integral can be approximated as:

Pl <0~ @ {—Ufg(zjfg]} (59)
where
7;(x,6) = gj(x,£) (90)
Var [g;(x,€)] & £, S, ot _ gcov@i,ék)

If the constraints are highly nonlinear and the random variables follow non-
identical distributions, the results obtained by FORM are inaccurate. Hence
we use Monte carlo simulation here.

4.6 Computational Results

In this research effort, a JAVA GA framework was developed to solve non-
convex nonlinear optimization problems with deterministic and stochastic
parameters. This framework includes classes for GA (generational GA with
elitism and rank-based selection), GA operators (these result in what we call
standard GA), Monte-Carlo simulation, packages for generating random num-
bers and classes for defining the problem and constraints. JAVA’s features
such as portability, robustness, object-orientation outweigh its degraded per-
formance as compared to other compiled languages like C, C++. The advan-
tages of JAVA are particularly evident in the area of distributed computing.
The disadvantage with this algorithm is that it takes significant time for fine-
tuning the parameters for genetic algorithms.

The performance characteristics of this algorithm using different operators and
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control parameters have been investigated extensively on several optimization
problems from literature. A number of independent runs were executed for
each test problem. We have tested the proposed methodology on NLP and
CCP models. Problem I Fractional programming

. 3.731 + X9 — 2263 + 0.8 4ZL’1 — 2$2 + x3
N 21’1 — To + X3 7$1 + 31’2 — I3

max f(x)

subject to

1+ 29— 23 < 1,

—x1 + Ty —x3 < —1,
1221 4 dx9 + 1223 < 34.8,
1221 + 1229 + T3 < 29.1,
—06x1 + 29 + 23 < —4.1,
xz; >0,0=1,2,3.

The known global optimum is X* = (1, 0, 0) with f(X*) = 2.471428. A
run of 500 generations gave the optimum as f(X*) = 2.47142853 at X* =
(0.999999966, 8.778E-11, 3.374E-8) SNOPT 6.1 gives f(X*) = 2.471428571 at
X* = (1, 0, 0).
Problem II

min f(x) = (21 — 10)® + (29 — 20)°

subject to nonlinear constraints

(1 — 5)* + (22 — 5)% — 100 > 0.0,
—(21 — 6)% — (25 — 5)* +82.81 > 0.0,
13 < 1 < 100,

0 < 25 < 100,

The known global optimum is X* = (14.095,0.84296) with f(X*) =-6961.8138]1.
A run of 2000 generations gave the optimum as f(X*) = -6960.2895 at X* =
(14.0957, 0.8443) SNOPT 6.1 gives f(X*) = -6961.813876 at X* = (14.095,
0.842961).

Problem IIT The third example was to maximize a multimodal function on

a convex set.
n

max f(x) = Z x;.sin(imx;)

i=1

subject to
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For n=7, a run of 1000 generations gave the optimum as f(X*) = 26.01025 at
X* = (4.5033, 4.2248, 3.5026, 3.6251, 4.101, 3.7507, 2.3579). Slack in constraint
is 0.016. This is a better optimum than the results reported in M.Gen et al.,
1996 using hybrid intelligent algorithm. SNOPT 6.1 finds a local optimum for
x; = 2,0=1,...,7 f(X*) = 1713234718 at X* = (2.53969, 2.26118, 2.17185,
2.62741, 2.50162, 2.41783, 2.64364).

Problem IV This example is a stochastic optimization with three decision
variables and three stochastic variables. Consider the stochastic expected value
model

min  E |/l - &) + (72— & + (05— &)°

subject to deterministic constraint

o]+ 15 + 23 < 10

Where & is U(1,2), & is N(3,1) and & is EXP(4). A run of the genetic
algorithm (200 generations in GA, 1000 simulations) shows that the optimal
solution is X* = (1.4, 2.8, 0.15) with f(X*) = 0.91

Chance Constrained Models Problem V This is an abstract numerical
example in which the objective function is multimodal and highly nonlinear.
3
max f(x) = a.sin(inz;)

i=1

subject to

P [£121 4 &x9 + E323 < 10] > 0.70,
P [77193% + moxh + m3ah < 100] 0.80,

Ty, Ty, x3 2 0.

>
>

Where & is U(0.8,1.2), & is U(1,1.3), & is U(0.8,1.0), n; is N(1,0.5), no
is EXP(1.2) and 13 is LONG(0.8,0.6). A run of the genetic algorithm (100
generations in GA, 500 simulations) shows that the global optimal solution
is X* = (2.02, 1.01, 6.82) with f(X*) = 9.5444. This solution, achieved with
a lesser number of generations, is better than the results (3000 generations,
objective = 9.3537) reported in [25]. Problem VI Consider the following
chance constrained programming problem with four decision variables and
nine stochastic parameters.
max T4
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subject to chance constraints

Where &;,m1, and 7 are U(1,2), U(2,3), and U(3, 4) respectively. & 12, and 7
are N'(1,1), N(2,1), and N (3,1) respectively. And &3,7m3, and 73 are EXP(1),
EXP(2), and EXP(3) respectively. A run of the hybrid algorithm (500 gener-
ations in GA, 500 simulations) shows that the optimal solution is X* = (1.52,
0.39, 1.48, 2.53) with f(X*) = 2.53 Problem VII Feed Mixer Problem
Van de Panne and Popp [34] presented a CCP for feed mixer problem, which
is to select four materials to mix in order to design a cattle feed mix subject
to protein and fat constraints, with the objective of minimizing the cost. That
CCP problem, with four decision variables and four stochastic parameters,
can be written as follows:

max 2455%1 + 2675372 + 39001’3 + 4050%4

subject to mixed constraints:

T1+To+ax3+24 =1,

2.3x1 + 5.6x0 + 11.1z3 + 1.324 = 5,

P mxy 4 nowo + m3w3 + nawy = 21] > 0.8,
T1,Xo, T3, T4 = 0.

Where 11, 12, ,n3, and 7, have normal distributions N'(12,0.2809%), A"(11.9,0.19362),
N(41.8,20.25%), and N(52.1,0.6241%) respectively. A run of the genetic al-
gorithm (200 generations in GA, 1000 simulations) shows that the optimal
solution is X* = (0.2, 0.35, 0.27, 0.17) with f(X*) = 31.95 Problem VIII
Insurance and Investment Portfolio Model

The model described in section 5.5 was written in AMPL and submitted to
NEOS Server Version 4.0. ACRS (AMPL input). The transformed objective
P(x > xg) is defined in eqn 118. The model was solved with the GA devel-
oped in this chapter (MCS module can generate only independent random
variables) assuming that the returns follow independent normal distributions,
which is not the case in practice as they have skewed distributions. The results
are given in table 1 for f;=0y = 0.55, a;=a5=0.30.
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NEOS

Decision Variables ACRS(1.0.0) | GA

Allied lines 0.12 0.1640
Auto liability 0.276 0.5149
Auto physical damage 0.326 0.3088
Burglary 0.042 0.1840
Commercial multiple peril 0.12 0.142
Fire 0.375 0.3325
Homeowners 0.075 0.1659
Inland marine 0.41 0.0986
Ocean marine 0.33 0.1739
Worker’s compensation 0.32 0.3154
Liquid asset 0.867 0.6557
Nonliquid asset 1.5 1.6030
obj = P(z > x9) 0.67=®(0.4179) | 0.96

Table 1
CCP Results for Insurance and Investment Portfolio

5 Pension fund formulated as CCP: A Case study

We consider two pension fund models that have been formulated as SP prob-
lems for risk management. We study a prototype stochastic programming
model for managing pension funds and a CCP model for insurance and in-
vestment portfolio management. SP models have been applied to financial
planning problems by Casigli and Dempster (1998), Kusy and Ziemba (1986),
Mulvey and Vladimirou (1992), Kouwenberg (2000), Dert(1995), Zenios(1995).
The model of Dert(1995) includes chance constraints for solvency of pension
funds. Vlerk [53] uses integrated chance constraints in the asset and liability
management (ALM) model for pension funds. The implementation described
in section 4.3 is demonstrated by developing a deterministic equivalent of the
model [23] and solving the model.

5.1 Pension Fund Modelling Using Stochastic Programming

A pension fund is an institute that has been set the task to make benefit
payments to people that have ended their career. The payments to be made
to the retirees must be in accordance with the benefit formulae that prescribe
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the flow of payments to which each participant in the fund is entitled. Con-
tributions are, by definition, made by the sponsor of the fund. The sponsor
can be the employer, the active participants, or both. At given points in time
the value of the assets of the fund is increased by receiving contributions and
by the appreciation of the value of invested assets and is decreased by making
benefit payments. It is the responsibility of the pension fund to balance this
process in such a way that the fund meets the solvency standards in force, and
that all benefit payments, now and in the future, can be made timely. Consider
a pension fund that conducts activities as follows: 1) collection of premiums
from the sponsor and/or active employees; 2) investment of available funds;
and 3) payment of pensions to the retired employees. Important decisions are
1)

levels of contributions have to be set in such a way that the sponsor of the
fund is able and willing to pay them. The levels of contribution as percentage
of the costs of wages have to be set. Annual hikes in contribution as percentage
of the costs of wages, may not exceed a given level. 2) Allocation of assets over
asset classes (the asset mix) in which the fund is willing to invest. There
are upper and lower bounds on the percentage of assets to be invested in each
category.

The level of future benefit payments is uncertain. It is subject to the devel-
opment of the characteristics of the participants, which are determined future
career paths, life and death etc. The major source of uncertainty is the future
development of price inflation and wage inflation: at retirement, the level of
old age pension is usually 70% of the final salary. This pension includes a state
pension to a fixed amount. It follows that pension rights of active participants
that have been earned over past years of service will be increased by wage in-
flation. The benefits of inactive participants are indexed with price inflation.
Solvency requirements have been imposed to see that the pension fund has
accumulated a level of assets that is sufficient to fund its liabilities. In order
to finance the pension scheme, the plan sponsor each year pays a contribution
to the fund. Next the pension fund has to decide how to invest these contribu-
tions, in order to meet the short term solvency requirements and to fulfill its
long term obligations. The PF model therefore should include decisions about
the investment strategy and the contribution payment strategy.

Multi-stage stochastic programming can be used to model the problem of
pension fund management, given the stochastic data provided in the form of
scenario trees. The mean or variance of the total wealth at the end of planning
horizon can be optimized by either solving a linear stochastic program or a
quadratic stochastic program, respectively. When the formulation is scenario
based LP solvers can be used. When the model contains risk constraints, it
becomes nonlinear and hence other solution techniques have to be used. A
pension fund model with risk constraints is discussed in this chapter.

Issues in Pension Fund Management Some of the most important is-
sues a pension fund manager has to face is the determination of optimal asset
allocations over the time to product maturity are given below:
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(1)

Stochastic nature of the asset returns and liabilities

The future asset returns and liability streams over the life of the product is
unknown. liabilities, in particular, are determined by the actuarial events
and have to be matched by the assets. Thus each allocation decision will
have to take into account the liabilities level which, in turn, is directly
linked to the contribution policy requested by the fund.

Long investment horizons

The typical investment horizon is very long ( 30 years). This means that
the fund has to be rebalanced many times and can make Markowitz-style
portfolio optimization inefficient. Various dynamic stochastic optimiza-
tion techniques are needed to take explicitly into account the ongoing
re-balancing of the asset-mix.

Risk of under-funding

There is a very important requirement to monitor and manage the prob-
ability of under-funding, that is the probability that the pension fund
cannot meet its funding requirements.

Management constraints

The management of pension fund is dictated by a number of solvency
constraints which are put in place by the appropriate regulating author-
ities.

Model Description

Variables, Coefficients and Parameters of the Model

Decision variables

Tit
Y

: money invested in asset ¢ at time ¢

contribution rate at time ¢, i.e. premium paid by the sponsor and /or

active employees as fraction of their wages at time ¢
Y, - regular contribution over period ¢

Zt:

remedial contribution at time ¢

Stochastic variables

At:
th

value of all assets owned by the fund at time ¢
wages earned by active members at time ¢

l; : payments made by the fund to the retirees at time ¢

7“2‘7,5 :

Lt:

return on investment in asset ¢ at period t
liabilities of the fund at time ¢

Model parameters

Aol

Wo

total initial value of all assets

: total initial amount of all wages

A - is a penalty parameter which reflects the preference of asking regular con-
tributions over remedial contributions and its value should be so chosen that
an optimal solution will not allow for remedial contributions in excess of the
minimal amount required to restore solvency.

Ve -

discount factors reflect preferences with respect to the timing of contri-
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bution payments. This is specified as a stochastic parameter rather than as a
deterministic parameter. *Objectives and Constraints There are many pos-
sibilities for measuring the performance of the pension fund by an objective
function. Natural candidates are 1) maximize the risk adjusted expected ter-
minal wealth. 2) optimize an objective with a target level of return. Set the
target return rate 7 and penalize under achievement while encouraging earn-
ings higher than 7. 3) minimize the expected cost of funding. In this model
the objective is to minimize the expected cost of funding. The parameters in
the objective function do not have a financial meaning necessarily, but one
can change them in order to generate solutions from the model corresponding
to various weights on different goals.

The objective function is

T-1 T
minimize Ao+ Yy + Z E Y]+ A Z E w2y (91)
t=1 t=1

There are upper and lower limits for the contribution rates

At each decision moment the following balance equation holds:

Z$i,t:At+Wtyt_lt tZO,,T—]_ (93)

=0

. The sum 7" ;x;,—1 invested at time ¢ — 1 results in the value of all assets
at time ¢:
At == Zmi,tfl(l_‘_ri,t) t= 1,...,T (94)
i=0
At time ¢, it should be decided to what percentage of the costs of wages the
contribution for period ¢ should be met, observing that it may not be raised
by 1003; percent of the cost of wages:

Y—Y1 <0 Vi (95)

At each time period, t = 1,...,T, we want with high certainty to satisfy the
liability constraints:
Ay = Z Tig—1(14+7154) > Ly (96)
=0
The ratio of assets to liabilities, A;/L; is usually referred to as the funding ratio
of the pension fund. A target funding ratio of ¢ can easily be incorporated by
replacing the above constraint by

At = in,tfl(l + Ti,t) Z th vVt (97)

1=0
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with high certainty. Values of ¢ > 1 often are used to add some extra safety
margin to the constraint. It is often impossible that the constraint 97 will
be satisfied with probability 1.0. Therefore, this constraint is relaxed, and we
would like to find a solution with a sufficiently high probability of meeting the
liability constraints while keeping costs at a reasonable level.

Chance Constraint

The solvency constraint can be included in a natural and consistent way by
formulating it as a chance constraint:

PriA; < ¢l <« (98)

VaR Constraint

When equation 97 is violated we have a loss and the pension fund is under-
funded. As measure of this loss, we use the difference between the right-hand
side and left-hand side in 97:

n

flp(ﬂf, r, L) = wL — Z(l + 7“1'7,5)5171‘ (99)
i=0
Hence, 99 could be replaced with high certainty.
Let p be the joint probability measure of the vector(r, L) and denote by
®, (¢, ) the cumulative probability distribution of the loss, given z; by equa-
tion 53

®y(C,x) = P(fy(x,r, L) <) (100)

= dr,dL 101
fw(ﬂ»‘mL)éCp< ) (10)

which is by definition is the probability that the loss fy(x, 7, L) doe not exceed
a threshold value (. Now if a is the confidence interval that 97 is not violated,
the inequality in 97 can be expressed as follows:

Cap(z) <O (102)

where

Cons(®) = min {C € R : By(2,0) > a}
The value (, () is called the a-VaR as given in section 2.3 and the constraint
102 means that the loss in at least 100a% of outcomes must be below or equal
to O(note that, in general, this threshold level may be chosen to be different
from 0).
CVaR Constraint
CVaR is the weighted average of VaR and the losses exceeding VaR (denote it
by CVaR,(x)* and assuming there are losses strictly exceeding VaR). Using
56, CVaR is then defined as follows:

CVaR,(x) = \WWaRy(x) + (1 = \)CVaR,(x)" (103)

42



where the weight equals
A= [®(z,VaR,(x)) —a] /[1 —a] € [0,1]

(see 53). Note that, when the distribution of the losses has continuous density,
A =0, and we have CVaR,(x) = CVaR,(x)*. This is not the case when the
distribution is discrete (or is approximated by a discrete distribution using
sampling of scenarios). CVaR is convex, which makes it possible to construct
efficient algorithms for controlling CVaR. Since CVaR always exceeds or equals
VaR, we could replace 102 by

CVaRy(z) < w (104)

for some w. With w = 0, we have a risk constraint that dominates the VaR
constraint 102 . This CVaR constraint can be transformed into a system of
linear constraints [52,22].

5.2  Scenario Generation

The probability distribution P of the random parameters is an important
input to the model. Discretization of the continuous distribution results in a
description of the stochastic elements in the form of a scenario tree. This is
called scenario generation. The goal of scenario generation is to get realizations
for the uncertain parameters in each node of the scenario tree. The solution
found by the optimization algorithm heavily depends on the stochastic sce-
nario model of the future. These realizations have to satisfy certain criteria,
as explained below.

e They should be consistent with the historical data, including any interaction
amongst the variables.
e They should not exhibit arbitrage opportunities

In order to fulfil the first requirement, the variables are modelled according to
Vector Autoregressive (VAR) Model [9]. If we use methods such as time series
analysis or parameters implied by the current market condition, the scenario
generation procedure consists of the following steps:

e Gather the financial time series and macroeconomic data and/or the current
market information

e Run the forecasting method (econometric model and/or implied parame-
ters) on this data. This gives the forecasted probability distribution, e.g.
the forecasted mean and variance

e Use the Brownian Bridge to simulate rate paths up to the forecast horizon
while varying the final interest rate.
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A detailed description of VAR scenario generation can be found in [5]. The
scenario tree generated using the above technique is relatively simple(due to
coarse discretization), but leads to very large optimization models. Scenario
reduction/aggregation techniques [13,30,9] have been used to reduce the di-
mension of the problem.

The Stochastic Optimization System In dynamic stochastic optimiza-
tion, the unfolding of stochastic variables is represented by a large number
of scenarios and decisions are made in stages according to the tree represen-
tations of the future data. At each stage, decisions are made based on the
information revealed up to that point, so the decision variables at a stage are
functions of the random variables revealed up to that point. The reader is re-
ferred to [6,9] for discretization of the conceptual SP model for pension funds.
Figure 5 sketches the structure of the overall optimization system. The sce-

i Multiperiod
Econometric stochastic
1\1/{28%?81 optimization model
/ -Wage Index

Liability
Model

_Ej%esilhgil(?:{s Scenario Generator Solver Solution

Resorves ~Statistics »  _AMPL »Optimal strategy]
-Graphics -SNOPT -Statistics
-Graphics

Fig. 5. Stochastic optimization system for pension fund management

nario generator takes as inputs, the period and branching structures of the
scenario tree and the time series model for the stochastic factors and gener-
ates the scenario tree for the assets and liabilities. The scenario tree is written
into a text file in AMPL format described in Fourer [38,39]. The optimization
model written in AMPL modelling language and the data from the scenario
generator are processed in AMPL to generate the MPS file, fed to a solver
(SNOPT or MINOS).

5.8 Insurance and Investment Portfolio Model Using CCP

Li [23] has developed an insurance and investment portfolio model that was
formulated in terms of P-models of CCP. The model is to maximize the prob-
ability of achieving the aspiration level under two chance constraints and other
regulatory and institutional constraints. The first chance constraint specifies
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that the probability that the total return will fall below the insurer’s accept-
able minimum level will not exceed their return risk level. Second chance con-
straint allows the insurer’s minimum requirement on cash and liquid assets
to be violated, but not more than their liquidity risk level. In this portfo-
lio model, the rates of return can follow skewed distributions different from
the traditional mean-variance portfolio models where the rates of returns are
assumed to follow normal distributions. The objectives in the traditional port-
folio literature are to maximize expected returns or to minimize the variance
of returns subject to budget requirements and /or minimum returns on equity.
In contrast the objective of this model is to maximize the insurer’s probability
of obtaining at least his/her aspiration level of return on equity subject to
two chance constraints that are used to achieve and maintain the company’s
minimum return requirement and liquidity.

5.4  The Model

Indices

m the number of types of possible investments

n the number of candidate insurance lines

a; ratio of investment in asset i to equity (i = 1,2,3,...,m)

or ratio of insurance premium for line i to equity (i=m+1,....,m+n)

r; rate of return on investment (i = 1,2, 3,..,m) or rate of profit on the insur-
ance activity (i =m +1,...,m+n)

x the return on equity

0 an insurance leverage

y cash and liquid assets

g; the funds-generating factor

d; the rate of cash returns on investment k-+1<i<m

[; the liquid part of the i-th asset, k+1<i<m

k the number of liquid assets

Suppose the dollar incomes from investment and insurance activities are ran-
dom variables with known distributions having finite expected values and vari-
ances. For any given period, the return on equity, = is equal to profit plus
investment income i.e.

m m—+n
T = Z a;r; + Z a;T; (105)
i=1 i=m+1
the average value and the variance of return on equity are
m-+n m-+n m+n
E(z) =Y aE(r;), Var(z) = > > a;a;Cov(ry, ;) (106)
i=1 i=1 i=1
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The following constraints are imposed:
1. maximum and minimum limits on premium allocations on to each line of
insurance.

a™ < a; < a™”, (i=m+1,,..,m+n) (107)
2. constraints on the maximum and minimum amounts to be invested in each
of the different kinds of investments:

a™ < a; < a"™, (t=1,,..,m) (108)

Since the insurance industry is required to maintain a balance between the
sources of investable funds and their uses, we have the following balance sheet
constraint:
total assets per one dollar of equity = 1 + total liabilities which are generated
by premiums

m m—+n
Yai=1+ > ay (109)
=1 i=m+1

the parameter g; is called the funds-generating factor which is the ratio of
liabilities to premium for insurance line 7 . Regulation, marketing constraints,
and various other rules of thumb used in the insurance industry usually limit
the amount of premium volume for a given amount of equity. This is expressed
by the following equation:

m+n

Y a;=9 (110)

i=m+1
where the parameter ¢ reflects how much premium is written for each dol-
lar. Insurers must have have enough cash and liquid assets, y, to meet cash
requirements. The cash and liquid aspects of equity are represented by the

return on insurance portfolio
m-+n

> ar (111)

i=m-+1
liquid assets and return on liquid assets

a;i(1+ ;) (112)

k
=1

(2

interest or other cash income from liquid parts of the non-liquid assets

> ai(l; + d;) (113)
i=k+1
Hence, we have
m m4n
i=1 i=k+1 i=m+1

and
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m m-+n

[E(y) = zaiE(n) + Y ali+ E(r)+ Y. aB(r) (115)

i=k+1 i=m+1
m—+n m+n

Var(y) = Z Z a;a;Cov(r;,rj) = Var(x) (116)
=1 =1

Define the insurer’s return risk as the probability that their return on equity
is less than or equal to their minimum level 3; and the insurer’s liquidity risk
as the probability that their cash and liquid assets are less than or equal to
their minimum requirement (3,

When the portfolio selection is determined, the ratios of all assets and insur-
ance premiums to equity are to be constrained by the following probabilistic
constraints:

3. P(x < 1) € ag, ag maximum probability that the insurer’s return on
equity will fall below the minimum risk level ;.

4. P(x < (3) < (g, ap maximum probability that the insurer’s cash and liquid
assets will fall below the minimum risk level (3,

Objective

Let the insurer’s aspiration level be zg,for their return on equity. The in-
surer’s objective is, for given risk levels and aspiration level, to maximize the
probability of achieving this aspiration level, subject to several chance and
deterministic constraints. In more precise form the insurer’s objective is

max P(z > ) (117)

ag

subject to the above four constraints.

5.5 The Deterministic Model

We can make use of the transformation given in Case(/11) of section 2.2. Thus
the above CCP model was transformed to the following deterministic version
for solving using NLP solvers.

max ((E(z) - o))/ (Var(x))"? (118)

aj
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subject to
E(z)+ ®(aq) (Var(z )) 2> 8,
E(y) + ®(az) (Var(y)"? = 6,

m . m+n
i=1 @i = 1+ Zz m+1 a;gi,

Y1 @i =0, (119)
N I (t=m+1,,..,m+n)
where

_ m m+n
T = ZZ‘:1 a;r; + Zz m+1 @il

y =i ai(l+r) + X0 aills + di) + S0 air

6 Conclusion

The use of GAs in stochastic programming has been limited. We developed a
GA and Monte Carlo for chance constrained programming. The population of
the GA was evaluated using a fitness function that was created with a multi-
plicative penalty function. The penalty function was made with the product
of degree of satisfaction of the constraints. Monte Carlo simulation was used
for evaluating the stochastic functions. The advantage of GA is that it can
be combined with other techniques to obtain problem-specific solution algo-
rithms. Also, it can solve highly nonlinear, non-convex optimization problems
without finding the first or second derivatives of the functions.

Contrary to the linear case, the integer and non-linear cases have received
limited attention in the literature. It appears unlikely that general-purpose
algorithms will solve such problems exactly. Instead, we anticipate the de-
velopment problem specific approximation schemes for integer and nonlinear
problems. There are several opportunities for the development and applica-
tion of global optimization algorithms for stochastic programming. We refer
the reader to the thesis of Bastin [4] for a more detailed discussion of algo-
rithms for nonlinear stochastic programming

Most practical and theoretical results assumes that the program to be solved
is convex. A lot of advances in nonlinear non-convex deterministic program-
ming have been achieved in recent years. Powerful algorithms are known (see
Numerical Optimization by Nocedal and Wright [32]), but efforts to trans-
form them in the stochastic case have been limited. Nonlinear applications
and algorithms both convex and non-convex, are often multi-stage problems
with scenario formulations. They can be written as nonlinear programs with
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the size growing with the number of scenarios. The challenge consists then to
exploit the structure of problem while solving it in limited amount of time.
Also procedures are usually parallelizable, so that they can benefit from the
development of multiprocessing computing. Parallel methods attract many
researchers both in linear and nonlinear stochastic optimization.

7 Future Work

Future direction of research should investigate new strategies for improving
the performance. Research can be focused on developing a hybrid form of al-
gorithms, which combines the good features of different algorithms like GA,
tabu search and simulated annealing. Use of high quality genetic operators
which maintains the diversity of the population and exploit the convexity
and smoothness in the problem formulation should be explored. Design better
evaluation function for evaluating the fitness of solutions. In this work we ex-
amined the use of GAs in stochastic programming when the decision variables
are anticipative. Many risk management problems in finance are modelled
as multi-period recourse problems. Further research can focus on developing
combined algorithms for improving speed efficiency.

The disadvantage of using GA is that the optimal solution is not guaranteed
within a finite computing time. For increased efficiency, the population in GA
could be easily evaluated in parallel computations.

The following aspects in SP would set the pace for future trends:

(1) The advances in computing techniques and in the algorithms for NLP
are likely to have a great impact on the various models of stochastic pro-
gramming; in particular, the central common theme between the various
approaches would appear to be more and more clear. This trend is likely
to continue from static to dynamic models of stochastic programming.

(2) The sequential basis of decision-making in many practical situations would
lead to the emphasis on the robustness of solutions and the Bayesian
methods of suitable revision of prior estimates. The whole field of non-
parametric estimation and decision-making would have its impact on the
development of SP. Recent developments in sequential procedures of es-
timation applied to estimation problems are viewing estimation as a part
of the decision-making process and this outlook is expected to have a
significant impact on the decision-theoretic implications of SP.

(3) The method of simulated optimization, which provide an insight into the
implications of several plausible probability distributions, are going to
have considerable influence in the development of SP. Already in stochas-
tic control and statistic programming problems over time, simulated opti-
mization methods found some acceptance and it is hoped similar methods
would be extended to static and other areas of stochastic programming.
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