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Abstract

We apply a regime switching Markov chain model to determine bond prices. Our work builds upon the
work of Thomas, Allen & Morkel-Kingsbury (2002) and Jarrow, Lando & Turnbull (1997). The interest
rate process and credit rating migration process are considered. Our aim is to study the price evolution
of a portfolio of defaultable bonds. We are interested in determining the density process to compute the
Value at Risk (VaR) and Conditional Value at Risk (CVaR) a year ahead. Whereas Thomas et al. de-
scribe a model under the pricing measure only, our model takes into consideration both the physical and
pricing measures. We also describe the whole (risk free) forward rate curve, with appropriate conditions
for the absence of arbitrage, while Thomas et al. describe the spot rate process. Most bond models
make use of zero coupon bond prices. By using bond stripping we are able to discover zero coupon bond
prices for bonds of different ratings. We use a mathematical programming approach to strip coupons
and minimise squared error, subject to no arbitrage constraints.
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1 Introduction and background

Credit risks which refer to the potential for counterparties to default on their financial obligations, form a
significant part of the risk exposure for investors, banks and other financial institutions. The measurement
and management of these risks are important considerations. The early 1990s saw the growth of credit
derivatives which are structured to isolate and transfer credit risk between parties providing an effective tool
for risk management since they allow institutions to change their risk profiles. Credit derivatives markets
are the fastest growing derivatives markets and more sophisticated, complex products are constantly being
developed. It is not always immediately clear how the repackaged risks are dispersed, as we have witnessed
recently in the financial markets. Further the Basle accord requires banks to hold regulatory capital to meet
their credit risk exposures. The methods specified to calculate these, are simple, broad methods which tend
to overstate the required capital and do not model the underlying credit processes. Banks have the freedom
to develop their own quantification methods if they can be justified to regulators and of course it is also in
the banks interests’ to hold suitable levels of capital for their credit risks. There is a need for appropriate
models to price credit sensitive assets and quantify the risks of credit sensitive portfolios.

As Rogers (1999) notes “The first and most important thing to realise about modelling of credit risk is that
we may be trying to answer questions of two different types.”; namely (a) management of credit risks, (b)
pricing of credit risks. Risk management questions draw on the probability of credit events and subsequent
expected losses under the statistical physical world measures. In contrast, to derive arbitrage-free prices of
credit risky assets we rely on the development of artificial “risk neutral” or martingale measures. Arbitrage
free martingale pricing methods for contingent claims were developed by Harrison & Krepps (1979) and
Harrison & Pliska (1981) and these generalise the risk neutral replicating portfolio arguments first developed
by Black-Scholes and Merton placing them in a broader framework.

In this paper we consider both the pricing and management of a portfolio of defaultable bonds. These are
subject to credit, interest rate, market, liquidity and other risks. Effective models should give an appropriate
integration of significant risks, so most deal with interest rate and credit risks, these being the most relevant
with many drawing on the existing well developed literature for default-free term structure models. We also
seek to integrate market risks to some extent by considering the state of the economy.

Credit risk models answer two main questions. (i) How should we model random credit events? Two of
particular interest are default and downgrading of assets. (ii) What is the payout process given a credit
event? Often this is the recovery process on default. Two main forms of credit risk models have emerged.
We outline these models in sections 1.1 and 1.2. In section 1.3 we outline the Jarrow, Lando and Turnbull
model (1997) and discuss other related models.

1.1 Structural models

The structural approach has evolved from the classic work of Merton (1974) and is based on the idea that
a company’s debt forms a contingent claim on the company’s assets so is often also called the “firm value”
approach. In Merton’s model a firm is funded by equity and a single issue of a zero coupon bond which
matures at a fixed future date. Default can only occur at maturity and is triggered if the firm’s assets are
insufficient to repay the face value of the debt. The debt can be valued as the present value of the face
value of the debt minus the value of a European put option on the firm’s asset value, which is modelled as a
geometric Brownian motion. Thus it is also sometimes referred to as the “option-theoretic approach”. The
arbitrage-free price is obtained using a similiar argument to that used to derive the Black-Scholes-Merton
prices for European put and call options and the formulae are naturally very similiar.

Merton’s model, however, ignores interest rate risk. Shimko, Tejima, & van Deventer (1993) develop a model
with a Vasicek (1977) model for the short interest rate whereas Wang (1999) uses the Cox-Ingersoll-Ross
(CIR) (1985) model. Szatzschneider (2000) also uses the CIR process but unlike Wang assumes dependence
between the default process and interest rate process. In reality we also expect that some bonds will pay



4

coupons. Geske (1977, 1979) uses compound options to develop such a framework. Further we would expect
firms to issue more than one type of debt. Vasicek (1984) considers both short and long term debt.

Another class of structural models known as “first passage time” models, specify a barrier process and default
is defined to occur when the value of the firm falls below this barrier process. The process may be stochastic
or deterministic and may be specified endogenously or exogenously to the firm value process. The advantage
is that it allows bankruptcy before maturity of the debt and more flexibility in specifying the recovery payoff.
So we can represent more accurately actual debt covenants and other factors such as bankruptcy costs and
taxes. Black & Cox (1976), for example, use a deterministic exogenously given boundary and so allow for
a safety covenant that forces the firm to declare bankruptcy or reorganise, if assets fall below a given level.
They also consider two classes of debt, senior high ranking debt and subordinated junior debt and examine
the situation when assets can be sold to meet debt payments. These models naturally give a basis for the
study of optimal capital structures for firms. Leland(1994) and Leland & Toft(1996) develop models with
allowances for tax benefits of debt funding and bankruptcy costs. Sometimes creditors may renegotiate the
debt structure rather than force bankruptcy; see Mella-Barral & Peraudin (1997) Anderson & Sundaresan
(1996). Cathcart & El-Jahel (1997) replace the firm value process with a signaling process, which can be
chosen to describe relevant economic variables for each issuer and this makes it suitable for valuing issues
which do not have easily observable assets. They also use a CIR process for the short rate. Longstaff &
Schwartz (1995), and Kim, Ramaswamy & Sundarsen (1993) also incorporate stochastic short rates. The
added complexity of “first passage time” models means that we normally employ probabilistic techniques as
normally closed form solutions may not be found.

Structural models are appealing as they yield natural economic interpretations. The main criticisms are, the
assumption that the firm value process can be observed is questionable and the use of option theoretic pricing
relies on the belief that the firm’s value is a tradeable asset. Also they are firm specific models and pricing
of one type of debt requires consideration of that firm’s capital structure, debt covenants, tax position and
bankruptcy costs. So they can be impractical for pricing portfolios of debt. Since the asset value process is
continuous, default is predictable and credit spreads fall as the bond reaches its maturity date. Nevertheless,
empirical evidence does not support this; see for example, Jones, Mason & Rosenfeld (1984). Madan & Unal
(1998) try to overcome this by introducing jumps in the firm value process as do Zhou (1996) & Schönbucher
(1996). Jarrow et al. (1997) note that the models are not suitable for pricing derivatives where payoffs are
dependent on the credit rating of debt issues. However, structural models naturally incorporate market risk
as credit events are dependent on movements of the firm value process.

1.2 Reduced form models

Reduced-form models unlike structural models do not consider the value of the firm or its capital structure,
so overcome the problem of needing to observe the firm’s value process. Credit events are defined to occur
in terms of exogenously specified jump processes and recovery rates are also given exogenously. They can
be split between intensity-based models and credit migration models.

Intensity based models consider only the default event via hazard rates which are normally Cox point pro-
cesses, where the random time of the first jump of the process represents the time of default. So default
occurs completely unexpectedly resolving the problem of default being predictable in structural models.
Jarrow & Turnbull (1995), Litterman & Iben(1991) and Duffie & Singleton (1999) are examples of such
models. The intensity of default can be a stochastic function dependent on other relevant processes such as
the interest rate, company’s share price, and the credit ratings of the debt.

In an ideal world we would have access to all relevant information that affects a bond issuer’s probability of
defaulting. But in reality investors do not have access to this information and even if they did incorporating
all the information may lead to unduly complex models. However, commercial credit agencies have access to
firm-specific information such as current and projected sales, capital structure and ability of management.
These items of information are used to categorise debt within credit rating classes and these give us some
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indication of the debt’s quality. Credit migration models replicate the movement of debt between homoge-
nous groups. Normally these are taken to be the credit ratings. Jarrow, Lando & Turnbull (1997) were
the first to introduce such a model using a Markov chain where the ratings represent the state space of the
process with a further state representing bankruptcy. The random default time is then characterised by the
first passage time of this state. The introduction of the migration process naturally introduces stochastically
varying default intensities. So we could regard them as a special category of intensity models. Jarrow et al.
(1997) observe that models that do not use the migration process may understate the probability of default
as they ignore the probabilities of changing rating class and then defaulting. They are also suitable when
we wish to price derivatives where the payoff is dependent on the underlying’s credit rating.

On default firms are assumed to be either liquidated or restructured, so the bondholder receives an unknown
random value. The recovery process is defined exogenously and can be deterministic or stochastic. Common
assumptions for defaultable bonds include zero recovery, a fraction of the value of an equivalent default-free
bond (recovery of treasury), a fraction of the pre-default value of the defaultable bond (recovery of market
value) and a fraction of the face value of the defaulted bond (recovery of face value). Duffie & Singleton
(1999) is an example of an intensity approach where they use a stochastic process in modelling the recovery
process.

For all reduced form models once we have defined a default process, interest rate process and recovery pro-
cess, the price of a credit risky asset is derived as the expected value of the payoff under a suitable martingale
measure.

A major criticism of reduced form models is that they do not take into account the firm’s value or capital
structure, which could be relevant. Some models try to incorporate aspects of both the reduced-form and
structural approaches. Madan & Unal (2000) consider a model where the intensity process is a function of the
equity value process. Duffie & Lando (1998) show that using a structural model with imperfect observations
of the firm’s asset, default is a Poisson like process.

1.3 The Jarrow Lando & Turnbull model and other related models

Our work utilises a group of models which are inter-related and can be traced back to the work of Jarrow,
Lando & Turnbull (1997)(JLT model), so we outline briefly the discrete time version of this model. We are
concerned with pricing zero coupon defaultable bonds. Consider a filtered probability space (Ω,F , P ) with
fixed time horizon T ∗. The credit migration process is represented by a time homogenous Markov chain Ct,
with state space {0, 1, . . . ,M} where 0 represents the rating for default-free government bonds and M repre-
sents bankruptcy. The transition matrix is R = [pij ] where pij = P{Ct+1 = j|Ct = i} ∀ i, j ∈ {0, . . . ,M}
and the random default time is defined by the first passage time of Ct into state M . The model is flexible
as any interest rate process can be used to model the short rate, provided it is adapted to a sub-filtration of
F . In order to introduce arbitrage-free pricing, JLT assume the existence of a unique equivalent martingale
measure P̃ such that all zerocoupon bonds discounted by the short rate follow F-martingales under P̃ . On
default they assume fractional recovery of treasury with a constant fraction η.

One major assumption made by JLT is that the processes for the interest rate and credit migrations are
independent under the martingale measure. There is difficulty in fitting the model and to make this easier
they assume that the credit migration process remains a Markov process under the change of measure from
P to P̃ , though it does not remain time homogenous. Bielecki & Rutkowski (2002, chapter 12) note this as-
sumption has some consequences for the information structure of the processes. Generally we cannot assume
that under a change of measure the Markov property is preserved. The appropriate random Radon-Nikodym
derivative may be adapted to the filtration of the whole model, not just to that of the Markov process. That
is, it may involve information from all random processes in the model. However, if it is adapted to the
same filtration as the Markov process in the physical world then the property is preserved. Suppose the
filtration can be decomposed as F = FC

⊗Fr where FC is the filtration generated by the credit migration
process and Fr is the filtration generated by the interest rate process, then naturally the property is pre-
served. With the assumption of independence of the two processes the filtration can be decomposed as above.
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The change to a risk neutral measure for the credit migration process is described by p̃ij(t, t + 1) = pijπi(t),
∀ i, j ∈ {0, 1, . . . ,M} where i 6= j. πi(t) is a deterministic function referred to as the risk premia adjust-
ment. The Markov structure is maintained and it is assumed that the change of measure depends only on
the current state and is independent of the state the process moves to. This may not be true in practice but
is adopted for tractability. Prices are derived by considering cash flows under the measure P̃ .

The physical world transition matrix R and the recovery constant η can both be estimated from historical
data. Then model calibration involves estimating the parameters πi(t) ∀t ∈ {0, 1, . . . , T}. This can be done
by assuming observed risky bond prices represent arbitrage-free prices and the risk premia adjustment is
computed using a recursive procedure. The adjustment can be defined in different ways to that adopted
by Jarrow et al. Lando (1999) discusses different ways to derive risk neutral measure given an empirical
physical world matrix. Kijima & Komoribayashi(1998) observe that JLT’s method can introduce bias to the
model because the probability of default is low for highly rated bonds. In fact, Jarrow et al. find they have
negative risk premia adjustments, which cannot be allowed if the measures are to be equivalent. Consider the
probability of a bond in state i changing state over (t, t+1]. As noted above Jarrow et al. describe the change
of measure from physical to risk neutral as p̃ij(t, t+1) = pijπi(t) where i 6= j. In order that the probabilities
of all possible events sum to 1 they define p̃i,i(t, t + 1) = 1 −∑

i 6=j p̃i,j(t, t + 1). Kijima & Komoribayashi
give an alternative description of the change of measure as p̃ij(t, t + 1) = pijπi(t) where i 6= M so that the
probability of defaulting becomes the balancing probability, p̃i,M (t, t + 1) = 1 −∑

i 6=M p̃i,j(t, t + 1). They
find that the numerical results under this assumption are good.

To make the model tractable, the migration process is assumed to be a time homogenous Markov chain
under the physical world measure. Conditional Markov models allow dependence of transition rates on other
relevant factors, such as business cycles, which vary over time. Wei (2000) adopts such a model. His model
assumes that the risk premia are constant over time whilst the typical transition matrices vary over time, as
he notes there is no good reason for the premia to vary over time, but it seems more reasonable to assume
transition probabilities will.

Most term structure models are described in terms of and built from zero coupon bond prices, but in reality
the majority of risky bonds traded and available in the market pay coupons. To fit models the coupons
must be “stripped” out and the underlying implied zero coupon bond prices derived. It is important that
these prices are then consistent, such that they remove or at least reduce arbitrage opportunities. JLT
bucket defaultable bonds into categories according to coupons payable and term to maturity and then use a
bootstrapping procedure to derive zero coupon bond prices. However, they observe that the method leads
to mispricing and makes it difficult to calibrate their model using this derived data. Thomas, Allen &
Morkel-Kingsbury (2002) use the method outlined in Allen, Thomas & Zheng (2000) to strip these coupons;
they apply linear programming to derive appropriate yields that minimise the error between observed bond
prices and those predicted for coupon bonds.

Thomas et al. (2002) develop the JLT model to incorporate a hidden Markov chain represents the underlying
economic conditions and can be regarded as a “regime switching” model. This approach resolves some of
the problems of the JLT model. The assumption that the interest rate process is independent of the credit
migration process is arbitrary and it is very likely that the two processes are in fact related to each other.
For instance, it may be a sensible belief that high interest rates with a recessive economy may result in
higher default levels. Duffee (1996) states that “defaults are primarily driven by the business cycle which
derives variations in the financial variables on which derivatives are priced.” The use of the Markov chain
removes the strong assumption of independence of credit migrations and the default-free short rate and also
introduces market risk to the model.

1.4 Motivation and outline of the paper

We have adopted Thomas et al.’s model (2002) model to price a portfolio of zero coupon bonds, charac-
terised by the proportions of bonds held in each credit rating category. We use the same model under the
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statistical measure to simulate the distribution of the portfolio at future dates and calculate the respec-
tive Value at Risk (VaR) and Conditional Value at Risk (CVaR). Thus we investigate the evolution of the
risk process over time. Further we use quadratic programming to strip coupons from bonds when deriving
the current zero coupon bond prices, rather than the linear programming method used by Allen et al. (2000).

We use a regime switching model which provides some allowance for correlations in default by different
firms. The underlying assumption is that when the economy is in recession default rates are higher. So on
observing a large number of defaults we may conclude the economy is in the “bad” state and use the default
rates appropriate for this state. The number of defaults observed influence the probability of future default
and we have modelled correlations between defaults to some extent. To keep the model tractable we do not
introduce any further structure to model the correlations. For example there could be further correlations for
firms in similar industries. It seems reasonable to assume that the correlations are largely determined by the
state of the economy. Di Graziano & Rogers (2005) note that the use of a hidden Markov chain (HMM) can
avoid the need to use copula modelling to introduce dependence between assets. Giampieri, Davis & Crowder
(2005) use a HMM to introduce default correlations and use a binomial model to represent the number of
defaults at any time. They also extend the model to consider default correlation due to industry specific risks.

The rest of the paper is organised as follows. In section 2 we consider the pricing of bonds using three
overlapping models. In section 2.1 we consider a Markov chain model to describe a regime switching economy,
in section 2.2 the interest rate model is outlined and in section 2.3 the credit rating migration model is
presented. The resulting pricing formula is set out in section 2.4. In section 3 we describe how using
historical data the parameters are estimated for individual assets in our given portfolio; some issues of
calibrating the model are also discussed. In section 4 we introduce VaR and CVaR as risk measures. The
model parameters are used to simulate and project forward in time the evolution of the density function
for our credit portfolio. The VaR and CVaR profiles a one period forward is thus computed. In section 6
we discuss the results and conclude. Appendix A outlines the quadratic programming method used to strip
coupons to derive zero coupon bond prices. Appendix B outlines the fitting procedure used to calibrate the
pricing measure for the credit migration process.

2 Formulation of the model and its components

The model we develop is based on Thomas et al. (2002). It is a discrete time model built by combining
three separate models. They are concerned with pricing bonds and present the model under the risk neutral
measure. We consider it under both the risk neutral and physical measures. In our modelling framework we
consider the filtered probability space (Ω,F , P ) with fixed time horizon T ∗ and time set ST = {0, . . . , T ∗},
where P denotes the physical measure as well as the probability space (Ω,F , P̃ ) where P̃ represents the risk
neutral pricing measure.

Any bond can be viewed as a portfolio of zero coupon bonds and so most models seek to model the behaviour
of zero coupon bonds, as the model presented does. In reality, however, few zero coupon bonds are actually
sold and most bonds available in financial markets are coupon bonds. Calibration then involves stripping
coupons from prices of bonds available to derive zero coupon bond prices. We discuss this further in appendix
A.

2.1 The states of the economy

A two-state time homogenous Markov chain CE
t describes the state of the economy. The state space is

SE = {G,B} where the two states G, B represent good and bad economies. The transition probabilities
under the physical measure are defined by

P{CE
t+1 = G|CE

t = G} ≡ pGG
E P{CE

t+1 = B|CE
t = G} ≡ pGB

E = 1− pGG
E ∀ t ∈ ST(1)

P{CE
t+1 = B|CE

t = B} ≡ pBB
E P{CE

t+1 = G|CE
t = B} ≡ pBG

E = 1− pBB
E ∀ t ∈ ST .(2)
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This Markov chain may be hidden because in practice it is unlikely that we would be able to observe directly
whether the economy is in a good or bad state. Instead we might observe another process which is a function
of this Markov chain and so it is hidden from us. For example, we may observe stock market indices or
productivity indices for a country. We can then discover the optimal estimates for the state of the Markov
chain using filtering techniques. For simplicity we assume that the chain is not hidden. Mamon & Rodrigo
(2005) is an example of a regime switching model which uses an HMM to model the state of the economy. We
define the equivalent probabilities under the risk neutral measure and assume the process remains Markov
and time homogenous under this measure.

P̃{CE
t+1 = G|CE

t = G} ≡ p̃GG
E = πG

EpG G
E P̃{CE

t+1 = B|CE
t = G} ≡ p̃GB

E = 1− p̃GG
E ∀ t ∈ ST(3)

P̃{CE
t+1 = B|CE

t = B} ≡ p̃BB
E = πB

EpB B
E P̃{CE

t+1 = G|CE
t = B} ≡ p̃BG

E = 1− p̃BB
E ∀ t ∈ ST(4)

where πG
E and πB

E are risk premia adjustments which define the change of measure. For the processes to be
equivalent we require πG

E > 0 and πB
E > 0.

2.2 The interest rate process

The interest rate process adopted in this paper is the discrete time process described in Jarrow (2002). We
have, however, made some changes to the way time is represented. In our model the time intervals between
possible maturity dates differ to those intervals between the times at which bond prices are observed. Jarrow
notes that when calibrating the discrete time interest process it is convenient to reparameterise the discrete
model in terms of its continuous limit. So we present the discrete model and also describe its continuous
limit to aid calibration. We do not, however, use the continuous time process to derive closed form pricing
equations.

We initially describe the interest rate process, given the economy is in a particular state and assume that
it stays within that state over the period of observation. The process can equivalently be described by
the evolution of Treasury zero coupon bond prices, forward rates or spot rates. We introduce an auxiliary
non-recombining binomial tree CI

t which describes the underlying stochastic structure of these processes.
Thus we have a discrete one factor model. The bond price, forward rate and spot rate processes are then
given in respect of this auxiliary tree.

We let SI
t denote the state space at time t. At time 0 let SI

0 = {0}. At time 1, SI
1 = {u, d} and at time t,

SI
t is given by considering each st−1 ∈ SI

t−1, and its members are given by st−1u and st−1d. We denote by
pI(t, st) the probability of an upward jump over time (t, t+1], under the physical measure, where the current
state of the process is st. This means that the process is a Markov chain. Figure 1 shows the evolution of
the tree over t = 1, 2 and 3.

A zero coupon bond price is dependent on two timepoints, namely the time at which a price is current, t and
the time that the bond matures, T . The time t, at which the price is current is the time set that we have
considered so far. Let us consider both time sets separately. The discrete time points at which we observe
prices are t0, t1, . . . , tm and assume that the time intervals or timebuckets are the same and is denoted by δt.
It is natural to measure time in years, typically δt = 1

250 = 0.004. Where the meaning is clear, to simplify
the notation we use t0 = 0, t1 = 1 etc... The discrete times at which a bond can mature are T0, T1, . . . , Tk

where we let T0 = t the current time. Define ∆0 to be the length of time between T0 and T1 and more
generally define ∆i to be the time between Ti and Ti+1. If the set ∆ = {∆0,∆1, . . . , ∆k−1} is given then
T1 = T0 + ∆0 and Tn+1 = Tn + ∆n.

The zero coupon bond price process is described at each time point t and possible state st, by a vector of
prices of different maturities. This effectively describes the yield curve at each point in time and state. We
let ZTn

t (st) be the time t zero coupon bond price for a bond maturing at time Tn, n ∈ (1, . . . , k) given CI
t is

in state st. Over a time interval the price changes are dependent on the movement of CI
t . We describe the

evolution of the prices under the physical measure by
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Figure 1: Evolution of state space tree over t = 0,1,2,3

Figure 2: Evolution of forward rates over t=1,2
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ZTn
t+1(st+1) =

{
ZTn

t (st)u(t, Tn; st) if st+1 = stu with probability pI(t, st)
ZTn

t (st)d(t, Tn; st) if st+1 = std with probability 1− pI(t, st).

The forward rate process is given, by a vector of forward rates for different maturities and describes the
entire yield curve. This is illistrated in Figure 2. The time t annualised forward rate over [Tn, Tn + ∆n] is
F (t, Tn; st), given CI

t = st. The evolution of the rates is

F (t+1, Tn; st+1) =
{

F (t, Tn; st)α(t, Tn; st) if st+1 = stu with probability pI(t, st)
F (t, Tn; st)β(t, Tn; st) if st+1 = std with probability 1− pI(t, st)

where n ∈ {1, . . . , k − 1}.

Define r(t; st) to be the spot rate over the time interval (t, t + 1]. Assume that for the shortest maturity
bond ZT1

t (st) the return over (t, t + 1] is certain and is the spot rate. Define

u(t, T1; st) = d(t, T1; st) =
[

1
ZT1

t (st)

] δt
∆0

and r(t, st) =
[

1
ZT1

t (st)

] 1
∆0

.(5)

The relationship between the forward rates changes and the zero coupon bond price changes is

α(t, Tn; st) =
[

u(t, Tn; st)
u(t, Tn + ∆n; st)

] 1
∆n

(6)

β(t, Tn; st) =
[

d(t, Tn; st)
d(t, Tn + ∆n; st)

] 1
∆n

.(7)

Conversely,

u(t, Tn; st) =
r(t; st)δt

∏n−1
j=1 α(t, Tj ; st)∆j

(8)

d(t, Tn; st) =
r(t; st)δt

∏n−1
j=1 β(t, Tj ; st)∆j

.(9)

When the state of the economy does not change, the discrete time process can be seen to approximate the con-
tinuous time process, given certain assumptions. Let F∆(t, Tn) denote the t forward rate over [Tn, Tn + ∆n].
Then F∆(t, Tn)

1
∆n = ef(t,Tn), where f(t, Tn) is the annualised continuously compounding forward rate at

time t for maturity T . So f(t, Tn) = log F∆(t, Tn)
1

∆n = log F (t, Tn; st).

In continuous time we are concerned with changes in the continuously compounding forward rates

f(t + δt, Tn)− f(t, Tn) = log F∆(t + δt, Tn)
1

∆n − log F∆(t, Tn)
1

∆n .(10)

The continuous process can be described in the real world, by the stochastic differential equation

df = µ(t, Tn)dt + σ(t, Tn)dW (t)(11)

where, µ(t, Tn) is the expected change in continuously compounded forward rates per unit time under the
physical measure P and σ(t, Tn) is the standard deviation of changes in the continuously compounded for-
ward rates per unit time. W (t) is a standard Brownian motion adapted to time t. The discrete process in
(10) will converge to the continuous process in (11) when

Et

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
→ µ(t, Tn) as δt → 0(12)
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Vart

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
→ σ2(t, Tn) as δt → 0 .(13)

The expectations and variances are given under the empirical probabilities. Similarly, under the pricing
measure the continuous process is

df(t, Tn) = µ̃(t, Tn)dt + σ(t, Tn)dW (t)(14)

where, µ̃(t, Tn) is the expected change in the continuously compounded forward rates per unit time under
the pricing measure P̃ and σ(t, Tn) is the same under both measures because of the assumption that the
measures are equivalent. The process in (14) is approximated by the discrete time process when

Ẽt

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
→ µ̃(t, Tn) as δt → 0(15)

Ṽart

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
→ σ2(t, Tn) as δt → 0 ,(16)

where the expectations and variances are given under the risk neutral pricing probabilities.

Define

α(t, Tn; st) ≡ e(µ̃(t,Tn;st)δt−σ(t,Tn;st)
√

δt)(17)

β(t, Tn; st) ≡ e((µ̃(t,Tn;st)δt+σ(t,Tn;st)
√

δt)(18)

pe
I(t; st) ≡ 1

2
+

1
2
φ(t; st)

√
δt(19)

where φ(t; st) is the process for the risk premium. Then the discrete time physical world process has the
representation

F (t + 1, Tn; st) =

{
F (t, Tn; st)e(µ̃(t,Tn;st)δt−σ(t,Tn;st)

√
δt) if st+1 = stu with probability 1

2 + 1
2φ(t)

√
δt

F (t, Tn; st)e((µ̃(t,Tn;st)δt+σ(t,Tn;st)
√

δt) if st+1 = std with probability 1
2 − 1

2φ(t)
√

δt.

Then

limδt→0Et

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
= µ̃(t, Tn)− φ(t)σ(t, Tn)(20)

limδt→0Vart

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
= σ2(t, Tn).(21)

As expected, the drift of the physical world process is the risk neutral drift with an adjustment µ(t, Tn) ≡
µ̃(t, Tn) − φ(t)σ(t, Tn). The continuously compounding forward rate process is an Itô process adapted to a
standard Brownian motion, so under a change of measure only its drift changes. The function φ(t) describes
this measure change. Both µ(t, Tn) and σ(t, Tn) can be estimated from past observations of changes in
continuously compounding forward rates.

Under the pricing measure the discrete time process is

F (t + 1, Tn; st) =

{
F (t, Tn; st)e(µ̃(t,Tn;st)δt−σ(t,Tn;st)

√
δt) if st+1 = stu with probability p̃I(t; st)

F (t, Tn; st)e((µ̃(t,Tn;st)δt+σ(t,Tn;st)
√

δt) if st+1 = std with probability 1− p̃I(t; st).

If we choose p̃I(t; st) = 1
2 at all time points and states then

limδt→0Ẽt

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
= µ̃(t, Tn)(22)
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limδt→0Ṽart

[
log F∆(t + δt, Tn)

1
∆n − log F∆(t, Tn)

1
∆n

δt

]
= σ2(t, Tn)(23)

and the discrete time process will approximate the continuous time process as the size δt of the time steps
decreases.

We assume that the market is arbitrage free. This implies the existence of a risk neutral measure, given the
market is complete. In the absence of arbitrage we have the following restriction on the zero coupon bond
price process

p̃I(t; st) =
r(t; st)δt − d(t, Tn; st)

u(t, Tn; st)− d(t, Tn; st)
.(24)

The zero coupon bond price parameters can be given in terms of the forward rate parameters by

u(t, Tn; st) = r(t; st)δt e
−

∑n

j=1
µ̃(t,Tj ;st)δt∆j+

∑n

j=1
σ(t,Tj ;st)

√
δt∆j(25)

d(t, T ; st) = r(t; st)δt e
−

∑n

j=1
µ̃(t,Tj ;st)δt∆j−

∑T−∆

j=t+∆
σ(t,Tj ;st)

√
δt∆j .(26)

The no arbitrage condition becomes

p̃I(t; st) =
1− e

−
∑n−1

j=1
µ̃(t,Tj ;st)δt ∆j−

∑n−1

j=1
σ(t,Tj ;st)

√
δt ∆j

e
−

∑n−1

j=1
µ̃(t,Tj ;st)δt∆j+

∑n−1

j=1
σ(t,Tj ;st)

√
δt ∆j − e

−
∑n−1

j=1
µ̃(t,Tj ;st)δt ∆j−

∑n−1

j=1
σ(t,Tj ;st)

√
δt ∆j

(27)

Given p̃I(t; st) = 1
2 the condition reduces to

e

∑n

j=1
µ̃(t,Tj ;st)δt ∆j = cosh

( n∑

j=1

σ(t, Tj ; st)
√

δt ∆j

)
(28)

The proofs of similiar conditions can be found in Jarrow (2002 chapter 4 and chapter 15).

It remains for us to make the interest rate process dependent on the state of the economy. We generalise the
structure and assume the processes’ parameters are conditional on the state of the economy, so the transition
probabilities are described by the following, under the physical measure

P{CI
t+1 = stu|CI

t = st, C
E
t = G} ≡ pG

I (t, st)

P{CI
t+1 = std|CI

t = st, C
E
t = G} = 1− pG

I (t, st)(29)

P{CI
t+1 = stu|CI

t = st, C
E
t = B} ≡ pB

I (t, st)

P{CI
t+1 = std|CI

t = st, C
E
t = B} = 1− pB

I (t, st).(30)

The probabilities of jumps under the pricing measure P̃ have been fixed as 1
2 in all cases. Finally, we intro-

duce µe(t, T ; st), µ̃e(t, T ; st), σe(t, T ; st) and r(t, st, e) where e ∈ SE = {G,B}.
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2.3 The credit migration process

The third process CR
t describes the credit rating migrations of bonds. Suppose there are M +1 credit ratings.

The state space is SR = {0, 1, . . . ,M} where 0 represents rating of default-free government bonds and M
represents bankruptcy. The structure is the same as the JLT model. The conditional transition probabilities
under the physical measure are time homogenous and depend on the length of the time period. The set of
time points to be considered is {t0, t1, . . . , tn}. The transition probabilities are

P{CR
tn+1

= j′|CR
tn

= j, CE
tn

= G} ≡ RpG
jj′(tn+1 − tn) ∀ j , j′ ∈ SR(31)

P{CR
tn+1

= j′|CR
tn

= j, CE
tn

= B} ≡ RpB
jj′(tn+1 − tn) ∀ j , j′ ∈ SR(32)

∑

j ′ ∈ SR

RpG
jj′(tn+1 − tn) =

∑

j ′ ∈ SR

RpB
jj′(tn+1 − tn) = 1 ∀ j′ ∈ SR.(33)

These probabilities could be defined as being time in-homogenous, but the ratings transition data published
by credit rating agencies such as Standard & Poors and Moodys normally assume time homogeneity.

The process under the risk neutral measure is

P̃{CR
tn+1

= j′|CR
tn

= j, CE
tn

= G} ≡ Rp̃G
jj′(tn) = πG

R(tn, j) RpG
jj′(tn+1−tn) ∀ j , j′ ∈ SR, where j′ 6= M

(34)

P̃{CR
tn+1

= M |CR
tn

= j, CE
tn

= G} ≡ Rp̃G
jM (t) = 1− πG

R(tn, j)
∑

j′ 6=M
RpG

jj′(tn+1 − tn) ∀ j , ∈ SR,

P̃{CR
tn+1

= j′|CR
tn

= j, CE
tn

= B} ≡ Rp̃B
j j′(t) = πB

R (tn, j) RpB
jj′(tn+1−tn) ∀ j , j′ ∈ SR, where j′ 6= M

(35)

P̃{CR
tn+1

= M |CR
tn

= j, CE
tn

= B} ≡ Rp̃B
jM (t) = 1− πG

R(tn, j)
∑

j′ 6=M
RpB

jj′(tn+1 − tn) ∀ j , ∈ SR,

∑

j ′∈ SR

Rp̃G
j j′(tn) =

∑

j ′∈ SR

Rp̃B
j j′(tn) = 1 ∀ tn ∈ {0, 1, . . . , T} ∀ j, j′ ∈ SR.(36)

We have adjusted the JLT model in line with the analysis in Kijima & Komoribayashi(1998). See section 1.3.
So in deriving the change of measure, risk premia are applied to all the one step physical world probabilities
except the probability of moving to the default state, where this is defined as the balancing probability.

2.4 Bond price formulae

The processes are linked together to form one large Markov chain by considering the process (CR
t , CI

t , CE
t ).

The Markov property holds under both measures given the construction of the component processes. If CE
t

is assumed to have one state, the model reduces to the JLT (1997) model where the interest process follows
the model specified in section 2.2.

Several events can occur in a time period (t, t+1]. It is assumed that changes in the state of the interest rate
process CI

t occur first then changes in rating process CR
t and changes in the state of the economy CE

t last.
The assumption is convenient as it allows us to consider the interest rate and ratings processes dependent
on the current state of the economy alone, when considering transitions in one time period.
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State of the 
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Interest rate 
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Rating
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jumps second 

Figure 3: Possible evolution of factors over one time periodFigure 3: Possible evolution of factors over one time period
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On default of a bond it is assumed that a constant fraction ηe of the face value is recovered at the bond’s
maturity, given the economy is in state e ∈ {G, B}. We wish to find the arbitrage-free prices for the zero
coupon bonds. It is assumed that the discounted values of the prices are martingales under a suitable pricing
measure, P̃ . The price of a bond is the expected, discounted payoff of the bond at maturity, under the pricing
measure. We denote by ZTn

t (st, j, e) the price of a zero coupon bond at time t which matures at Tn, given
at time t the interest rate process is at node st, the bond has rating j and the economy is in state e. We see
that

ZTn
0 (0, j, e) = ZTn

0 (0, 0, Tn)ATn
0 (j, e),(37)

where ZTn
0 (0, 0, Tn) is the zero coupon bond price for a Treasury bond with maturity Tn at time 0. In

equation (37) ATn
0 (j, e) is the expected value at time 0 of the bond’s payout at maturity under the pricing

measure. It is defined by the recursive formulae

ATn
t (j, e) =

∑

j ′∈SR

Rp̃ e
jj′(t)

( ∑

e′∈SE

p̃ee′
E ATn

t+1(j
′, e′)

)
,(38)

which is bounded by,

Non-default states; At+1
t (j, e) = 1 if j 6= M(39)

and

Default states; At+1
t (M, e) = ηe.(40)

The times at which the economy and ratings processes change state do not always coincide. The set of times
at which the economy changes is denoted by TE and times where the ratings change by TR. The set of
timepoints we must consider when pricing a bond with the above equations is therefore TE ∪ TR.

Thomas et al. model the interest rate process as a spot rate process, without modelling the entire yield
curve. Their pricing formulae is

ZTn
t (st, j, e) =

1
1 + r(t, st, e)

{ ∑

st+1∈SI
t+1

p̃ e
I (t, st, st+1)

[ ∑

j ′∈SR

Rp̃ e
jj′(t)

( ∑

e′∈SE

p̃ee′
E ZTn

t+1(st+1 , j′ , e′ )
)]}

.

(41)
The bond price process is bounded by bonds with one time period to maturity,

Zt+1
t (st, j, e) =

1
1 + r(t, st, e)

if j 6= M(42)

and

Zt+1
t (st,M, e) =

ηe

1 + r(t, st, e)
.(43)

Bielecki & Rutkowski (2002 ch. 12) proposed a modification of Thomas et al. model. Consider the vector
Markov chain (CR

t , CI
t , CE

t ) and assume it is time homogenous and under the risk neutral framework over
time interval (t, t + 1]. In particular,

P̃{CI
t+1 = st+1 , CR

t+1 = j′, CE
t+1 = e′ | CI

t = st, CR
t = j, CE

t = e} = p̃ ( st , st+1 , j , j′ , e , e′ ).(44)

The recursive bond price formulae simplify to

ZTn
t (st, j, e) =

1
1 + r(t + 1, st, e)

∑

st∈SI
t

∑

j ′∈SR

∑

e′∈SE

p̃ ( st , st+1 , j , j′ , e , e′ )ZT
t+1(st+1, j

′, e′).(45)
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Bielecki & Rutkowski’s formulation is intuitively appealing as it considers the joint distribution of the en-
larged chain. They do not make any assumptions about the statistical relationships between the processes.
Our formulation and that due to Thomas et al. rely upon the assumptions set out in this section. Our
approach, however, gives a link between the pricing and physical measure which is needed to simulate the
future physical world price distribution in calculating VaR and CVaR.

In our model the risk premia adjustments to change from the physical measure to the risk neutral measure
are defined entirely by the parameters (CR

t , CI
t , CE

t ) for transitions between (t, t + 1] and this is why the
Markov structure is maintained. Since the interest rate and credit migration processes are dependent on the
state of the economy the processes are related and are not independent.

3 Analysis of historical data and calibration of models

3.1 The states of the economy

Standard and Poors provided us with historical transition rates between rating classes for the period 1995 -
2005 for US Corporate bonds. This information is used to classify these years as being in one of two states
good = G or bad =B. Following the approach of Thomas et al. we calculate a “Credit Value” for each year
according to the formula

Credit Value for the Year = Percentage downgrades + Percentage defaults - Percentage upgrades.

We rank the years by this value and assign the top half of the years as having state B and the other half
as state G. That is those with a value above the median (3.45 %) as state B and the rest state G. An
economic indicator could also be used to classify the economy on a year by year basis. We have assumed that
FTSE 100 index annual returns above 10% indicate the economy is in state G. The results are summarised
in Table 1. We may also use other indicators such as Industry Production index, Unemployment data, or
Gross Domestic Product data (GDP).

We assume the probability of changing economy is the same under the physical measure and the risk neutral
measure. That is πG

E = πB
E = 1 and we could then view the model as an aggregation of two separate

sub-models; we switch between these sub-models when the state of the economy changes. The transition
probabilities for the economy process are estimated using the observed transition frequencies. From Table
1 we observe that the process starts in state G five times and four times it moves to state G again. So, we
assign pGG

E = p̃GG
E = 4

5 and then pGB
E = p̃GB

E = 1
5 . Similarly pBB

E = p̃BB
E = 4

5 and pBG
E = p̃BG

E = 1
5 .

Table 1: Classification of the economic states

Year Credit Value Classification Classification
in % by Credit Value by FTSE 100 returns

1995 1.80 G G
1996 -1.73 G G
1997 0.13 G G
1998 1.83 G G
1999 4.88 B B
2000 7.56 B B
2001 11.01 B B
2002 12.87 B B
2003 8.02 B B
2004 2.81 G G
2005 3.45 G G
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3.2 The interest rate process

We first calibrate the interest rate process for a period of observation when the economy remains in state G
and then repeat this for a period when it is in state B. The forward rate process is calibrated and from this
the zero coupon bond prices are calculated; Jarrow(2002) notes that this approach gives more stable results.
We use observations of changes in the continuously compounding forward rates for different maturities to
estimate the volatilities (σ(t, Tn; st)) and physical world drifts (µ(t, Tn; st)) at different times and maturities.
A simplifying assumption is made that µ(t, Tn; st) = µ(Tn− t) and σ(t, Tn; st) = σ(Tn− t), that is, these are
functions of the time to maturity only. As a result the process is time homogenous and independent of the
state, so the binomial tree becomes a recombining tree.

The continuous time physical world process (11) can be approximated by the following discretisation of the
small change in the yield curve.




f(t + δt, t + δt)− f(t, t)
f(t + δt, T1)− f(t, T1)

...
f(t + δt, Tk−1)− f(t, Tk−1)


 ≈




µ(t, t)
µ(t, T1)

...
µ(t, Tk−1)


 δt +




σ(t, t)
σ(t, T1)

...
σ(t, Tk−1)


 δW (t)(46)

or,



f(t + δt, t + δt)− f(t, t)
f(t + δt, T1)− f(t, T1)

...
f(t + δt, Tk−1)− f(t, Tk−1)


 ≈




µ(0)
µ(T1 − t)

...
µ(Tk−1 − t)


 δt +




σ(0)
σ(T1 − t)

...
σ(Tk−1 − t)


 δW (t).(47)

We define the vector stochastic process

x =




x(0)
x(T1 − t)

...
x(Tk−1 − t)


 ≡




f(t + δt, t + δt)− f(t, t)
f(t + δt, T1)− f(t, T1)

...
f(t + δt, Tk−1)− f(t, Tk−1)


 .(48)

The daily yield curve for a year gives 250 observations, one for each trading day, which are used to derive
the values of x. We are then able to calculate the sample covariance matrix and sample means for x. Here,
δt = 1

250 = 0.004. To calibrate the model the data published on the US Treasury webpage is used, where
observations from 2005 give the parameters for the process, given the economy is in state G and those from
2002 for the state B. The first three observations for 2005 are shown in Table 2.

Table 2: Three observations of the yield curve in 2005

Date 1 Month 3 Month 6 Month 1 Year 2 Year 3 Year 5 Year 7 Year 10 Year 20 Year
% % % % % % % % % %

03/01/2005 1.99 2.32 2.63 2.79 3.10 3.28 3.64 3.94 4.23 4.84
04/01/2005 2.05 2.33 2.63 2.82 3.20 3.38 3.72 4.02 4.29 4.91
05/01/2005 2.04 2.33 2.63 2.83 3.22 3.39 3.73 4.02 4.29 4.88

We assume the volatility function is described by the functional form σ(T − t) = σe−λ(T−t). Jarrow(2002)
notes that this is equivalent to using a Vasicek model for the short rate. An alternative way of calibrating
the volatility function is to carry out a principal components analysis of the observed volatility. We carried
this out but several factors would be needed for a reasonable fit. The use of the Vasicek model captures the
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expected feature of declining volatility as time to maturity increases.

We have used the procedure described in Jarrow(2002)to calibrate σ and λ. This uses the following identity
which holds over the time interval (t, t + δt]

Var (log ZT
t+δt − log ZT

t − r(t) δt) =
σ2(e−λ(T−t) − 1)2 δt

λ2
.(49)

From the observations of the yield curve we find values of log ZT
t+δt − log ZT

t − r(t) δt and calculate the
sample variances, vT of these observations at different maturity dates. In the expression for vT we introduce
an error term εT which we minimise to derive values of σ and λ.

vT =
σ2(e−λ(T−t) − 1)2 δt

λ2
+ εT for all T.(50)

The calibrated values for σ and λ are shown in Table 3 and the subsequent volatility functions in Table 4.

Table 3: Calibrated values for λ and σ

Economy state G Economy state B
σ 7.21830E-03 1.20305E-02
λ 7.90612E-03 3.24195E-02

Table 4: Calibrated volatility functions

Time to σ(Tn − t) when σ(Tn − t) when
maturity economy is G economy is B
0 Month 7.21830E-03 1.20305E-02
1 Month 7.21354E-03 1.19981E-02
3 Months 7.20405E-03 1.19334E-02
6 Months 7.18982E-03 1.18371E-02
1 Year 7.16145E-03 1.16467E-02
2 Years 7.10506E-03 1.12752E-02
3 Years 7.04911E-03 1.09155E-02
5 Years 6.93852E-03 1.02302E-02
7 Years 6.82967E-03 9.58797E-03
10 Years 6.66959E-03 8.69937E-03
20 Years 6.16259E-03 6.29060E-03

For these volatility functions, the risk neutral drift is given by µ̃(t, Tn; st) = µ̃(Tn− t), see equation (28) and
the results are set out in Table 5. The initial value µ̃(0) is not defined by equation (28), however, we assume
it is equal to the observed µ(0).

We can use the values in Tables 4 and 5 to calculate the nodal values of the binomial process, which we use
to determine the physical world probabilities of jumps on the tree. It is assumed that the process is time
homogenous and independent of the state in the physical world so pI(t; st) generalises to pI , thus
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Table 5: Calibrated risk neutral drift functions

Time to µ̃(Tn − t) when µ̃(Tn − t) when
maturity economy is G economy is B
0 Month 7.87642E-05 -2.09779E-05
1 Month 4.33627E-06 1.19961E-05
3 Months 1.51484E-05 4.16637E-05
6 Months 3.45163E-05 9.40135E-05
1 Year 7.28958E-05 1.94791E-04
2 Years 1.23004E-04 3.17802E-04
3 Years 1.96767E-04 4.88350E-04
5 Years 2.90733E-04 6.74014E-04
7 Years 4.03525E-04 8.67673E-04
10 Years 6.84802E-04 1.29074E-03

µ∗ =




µ∗(0)
µ∗(T1 − t)

...
µ∗(Tn − t)


 =




pI [µ̃(0)δt− σ(0)
√

δt] + (1− pI)[µ̃(0)δt + σ(0)
√

δt]
pI [µ̃(T1 − t)δt− σ(T1 − t)

√
δt] + (1− pI)[µ̃(T1 − t)δt + σ(T1 − t)

√
δt]

...
pI [µ̃(Tn − t)δt− σ(Tn − t)

√
δt] + (1− pI)[µ̃(Tn − t)δt + σ(Tn − t)

√
δt]


(51)

where µ∗ is a vector of the sample means of observed x (defined by equation 48). The probability pI is found
as the value that minimises the difference between the observed and calculated physical world drift values.
The computed values of pI are shown in Table 6.

Table 6: Calibrated pI

Economy state G Economy state B
pI 0.468358 0.533945
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3.3 Computing zero coupon bond prices

Zero coupon bond prices for different rating classes at different maturity dates are computed so that
the credit migration process can be calibrated. The maturity dates for the zero coupon bond prices are
1
12 , 3

12 , 6
12 , 1, 2, 3, 5, 7, 10 and 20 years. The granularity of the dates are finer at the start of the set. This

structure seeks to model the immediate cashflows which we might be more concerned about, more carefully
than later cashflows which are collected into the larger buckets. The prices are found using the quadratic
program (QP) described in the Appendix A. The prices when the economy is in state G are found by strip-
ping 1,015 coupon bonds using a set of ten market prices for ten dates in 2005. The results for 1 January
2005 are shown in Table 8. We use bonds of all ratings with a spread of maturity dates across all buckets.
It is preferable to include a coupon bond maturing in each bucket. The profile of these bonds is shown in
Table 7. Zero coupon bond prices when the economy is in state B are calculated from 1,034 coupon bonds
using prices in 2002. The profile for these bonds at 1 January 2002 is shown in Table 9 and the results of
the stripping in Table 10.

Table 7: Profile of coupon bonds used for stripping when the economy is in state G

Time to Treasury AAA AA A BBB BB B CCC/C TOTAL
maturity
≤ 1 Month 1 1 2 0 0 2 4 0 10
< 1 Month and ≤ 3 Months 3 4 4 0 4 6 1 2 24
< 3 Months and ≤ 6 Months 7 6 0 0 0 2 5 2 22
< 6 Months and ≤ 1 Year 10 4 10 15 13 7 5 7 71
< 1 Year and ≤ 2 Years 22 15 15 15 15 13 13 1 109
< 2 Years and ≤ 3 Years 11 10 8 13 9 5 5 6 67
< 3 Years and ≤ 5 Years 28 20 19 19 21 24 21 23 175
< 5 Years and ≤ 7 Years 9 24 12 17 17 22 20 22 143
< 7 Years and ≤ 10 Years 16 18 28 24 25 23 31 15 180
< 10 Years and ≤ 20 Years 25 27 18 21 13 10 12 8 134
< 20 Years and ≤ 25 Years 12 15 10 5 6 14 14 4 80
OVERALL 144 144 126 129 123 128 131 90 1015

Table 8: Zero coupon bond price when the economy is in state G

Time to Treasury AAA AA A BBB BB B C
maturity
0 Month 1 1 1 1 1 1 1 1
1 Month 0.97212 0.97212 0.97212 0.97212 0.96663 0.93254 0.88168 0.83823
3 Months 0.97131 0.97131 0.97131 0.97131 0.96582 0.93013 0.87927 0.83582
6 Months 0.94399 0.94399 0.94399 0.94399 0.93849 0.90281 0.85195 0.80850
1 Year 0.90173 0.90117 0.90117 0.90117 0.89491 0.83122 0.78036 0.73691
2 Years 0.81344 0.81287 0.81287 0.81287 0.80662 0.74292 0.69206 0.64861
3 Years 0.66322 0.66266 0.66266 0.66266 0.65640 0.59271 0.54184 0.49840
5 Years 0.52655 0.52599 0.52599 0.52599 0.51973 0.45604 0.40517 0.36172
7 Years 0.45454 0.45398 0.45398 0.45398 0.44772 0.38403 0.33316 0.28972
10 Years 0.24624 0.24568 0.24568 0.24568 0.23942 0.17573 0.12486 0.08142
20 Years 0.18131 0.18074 0.18074 0.18074 0.17449 0.11079 0.05993 0.01648
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Table 9: Profile of coupon bonds used for stripping when the economy is in state B

Time to Treasury AAA AA A BBB BB B CCC/C TOTAL
maturity
≤ 1 Month 2 0 1 1 1 0 0 0 5
< 1 Month and ≤ 3 Months 5 1 2 1 4 1 3 2 19
< 3 Months and ≤ 6 Months 7 5 5 4 9 6 2 1 39
< 6 Months and ≤ 1 Year 13 9 7 15 6 5 4 3 62
< 1 Year and ≤ 2 Years 26 15 20 20 19 21 15 14 150
< 2 Years and ≤ 3 Years 11 10 6 11 10 4 8 8 68
< 3 Years and ≤ 5 Years 16 22 29 25 23 25 16 16 172
< 5 Years and ≤ 7 Years 10 12 20 14 14 21 28 29 148
< 7 Years and ≤ 10 Years 13 27 20 30 32 26 25 23 196
< 10 Years and ≤ 20 Years 25 16 14 18 20 3 0 2 98
< 20 Years and ≤ 25 Years 10 12 19 13 7 9 2 5 77
OVERALL 138 129 143 152 145 121 103 103 1034

Table 10: Zero coupon bond price when the economy is in state B

Time to Treasury AAA AA A BBB BB B C
maturity
0 Month 1 1 1 1 1 1 1 1
1 Month 0.99999 0.99999 0.99999 0.99999 0.99999 0.99999 0.94260 0.82315
3 Months 0.99916 0.99916 0.99916 0.99916 0.99916 0.99916 0.94177 0.82232
6 Months 0.99749 0.99749 0.99749 0.99749 0.97414 0.92282 0.83770 0.71824
1 Year 0.97590 0.96364 0.94514 0.93937 0.90727 0.85594 0.77082 0.65137
2 Years 0.94229 0.93002 0.91152 0.90575 0.87366 0.82233 0.73721 0.61775
3 Years 0.87697 0.86471 0.84621 0.84044 0.80834 0.75701 0.67189 0.55244
5 Years 0.67221 0.65995 0.64145 0.63568 0.60358 0.55226 0.46714 0.34768
7 Years 0.65903 0.64677 0.62827 0.62250 0.59040 0.53908 0.45396 0.33450
10 Years 0.47752 0.46526 0.44676 0.44099 0.40889 0.35757 0.27245 0.15299
20 Years 0.35699 0.34472 0.32622 0.32045 0.28835 0.23703 0.15191 0.03245

3.4 The credit migration process

To calibrate the credit migration process we have used the historical annual transition rates for US Corporate
bonds between rating categories for years 1995 - 2005. Typical data for a year is shown in Table 11.

Table 11: Rating Transitions in 2005

Number of Issuers AAA AA A BBB BB B CCC/C D NR
AAA 60 88.33 11.67 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AA 152 0.00 93.42 3.29 0.00 0.00 0.00 0.00 0.00 3.29
A 505 0.20 0.99 89.50 6.34 0.00 0.00 0.00 0.00 2.97
BBB 753 0.00 0.27 2.39 88.84 4.25 0.66 0.00 0.13 3.45
BB 550 0.00 0.00 0.00 3.64 78.00 9.09 0.36 0.36 8.55
B 696 0.00 0.00 0.14 0.29 5.60 72.27 4.60 2.30 14.80
CCC/C 74 0.00 0.00 0.00 1.35 0.00 18.92 50.00 10.81 18.92

The annual transition matrix when the economy is in state G is calculated in the following way. We ignore
those transitions to the state NR - non-rated and remove these from the data, following Jarrow et al. (1997).
To estimate pG

j j′(1) the total number of transitions from rating j to j′ over the year, for those years where
the economy is classed as G are considered. Let a be the number of issuers with rating j at the start of the
relevant years and b is the total number of issuers who move from state j to j′. The probability pG

j j′(1) is
calculated as b

a .
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When the time period being considered is a fraction of a year, the transition matrix is calculated by de-
termining the appropriate root of the annual transition matrix, R. Using the eigenvalues, λ1, . . . , λM , and
eigenvectors, x1, . . . ,xM, we can express R as XΛX−1. Here X is a matrix where the ith column is the
vector xi and Λ is a diagonal matrix where the ith element is λi. The nth root of R is XΛ∗X−1, here Λ∗ is
a diagonal matrix where the ith element is λ

1
n
i . A similiar method is outlined in Hull (2003). The physical

world transition matrices we derived are shown in Appendix C in Tables 15 to 52.

Recovery rates are not readily available so it is assumed that ηG = 0.35 and ηB = 0.2.

Next we compute the risk neutral measure for the credit rating process; the change of measure for ratings
transitions is set out in equations (34), (35) and (36). We use the zero coupon bond prices which are derived
as per section 3.3 and Appendix A. For calibration we assume that the observed zero coupon bond prices,
at a given date when the economy is in state e ∈ SE , are based on investors’ belief the economy will remain
in this state until the bond matures. Here we outline the method given by Jarrow et al. (1997) in deriving
the risk neutral measure given the zero coupon bond prices at a particular date.

The price of a zero coupon bond is its expected discounted value under the pricing measure. We can separate
the interest rate and credit migration processes as they are assumed to be independent under the pricing
measure assuming the state of the economy does not change. We have

ZT
t (st, j, e) = ZT

t (st, 0, e)
[
ηG + (1− ηG)P̃ (τ j > T )

]
.(52)

Then the default probabilities are implied by the zero coupon bond prices,

P̃ (τ j > T ) =
ZT

t (st,j,G)

ZT
t (st,0,G)

− ηG

(1− ηG)
.(53)

That is the risk neutral probabiltities over (0, Tn] are known. As the process is Markov, if probabilities over
(0, Tn−1] and probabilities over (0, Tn] are known we can derive probabilities over (Tn−1, Tn]. Risk neutral
probabilities over (0, T0] can be found from zero coupon bond prices for bond maturing at time T0. We can
derive risk neutral probabilities over all timeperiods recursively.

The above procedure cannot ensure that the risk neutral probabilities are non-negative and sum to unity. We
overcome this difficulty by formulating the calibration method as a series of quadratic optimisation problems
with candidate solutions lying on the unit hyperplane. Each problem finds the risk neutral probabilities
which minimise the squared error between the observed prices and expected prices of the zero coupon bonds
for a particular maturity Tn. The QP formulation is given in Appendix B. Wei (2000) and Albanese &
Chen (2006) adopt similar approaches. We also use zero coupon bond prices at several different dates when
formulating this QP. Thus, we incorporate more information from the larger set of observations in deriving
the values. We use prices at the start of the first ten months in 2005 when calibrating for risk adjustment
factors when the economy is in state G. Similiarly, we use ten dates in 2002 when the economy is in state B.

The risk neutral probabilities for the calibration process are summarised in a series of Tables shown in
Appendix C. Tables 31 and 32 contain the risk adjustment factors that which connect the risk neutral and
real world measures.

4 Evaluation of the bond portfolio

Our model can be used to calculate the volatility and risk measures for an individual bond or those for
a bond portfolio. The most popular risk measures are (symmetric) variance and (asymmetric) VaR (Hull
2003) and CVaR (Urayasev 2002).
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We calculate the VaR and CVaR for a number of bond portfolios one year ahead. Hull (2003) and Dowd
(1998) note that such a time period is appropriate when considering credit risk. In particular, Dowd com-
ments that the period of time we should consider depends on the holding period of the asset. Bond portfolios
are often held by pension funds, which do not trade daily and hold assets over longer time horizons. Several
other papers consider a year ahead when investigating credit risk, (Jobst et al. 2006). Table 12 contains the
bond portfolios which have been used in the computational study.

Table 12: Portfolios Considered in Computational Study

Portfolio Bonds Weights
%

P1 Treasury bond, maturity 20 years 100.00%
P2 C rated bond, maturity 20 years 100.00%
P3 Treasury bond, maturity 20 years 50.00%

AA rated bond, maturity 20 years 50.00%
P4 Treasury bond, maturity 20 years 33.34%

AA rated bond, maturity 20 years 33.33%
BBB rated bond, maturity 20 years 33.33%

We wish to evaluate the risk exposure of an individual bond or that of a portfolio starting in a good economic
state and a bad economic state.

4.1 Pricing and yield curve simulation

In simulating and pricing the bonds the following assumptions are made. We assume that the economy pro-
cess changes state annually with the first change occurring halfway through the year. The interest rate process
jumps daily. Ratings are assumed to change at the times in the set SR = { 1

12 , 3
12 , 6

12 , 1, 2, 3, 5, 7, 10, 20}, which
coincide with the maturity dates of the zero coupon bonds.

For any particular realisation of the world all bonds are influenced by the same states of the economy and
same underlying interest rates. These two processes are simulated together. The state of the economy at
the start of the investigation is known. We pick from a uniform distribution over (0,1) to determine whether
the economy changes or stays the same halfway through the year. We take the square root of the annual
transition matrix to determine the probabilities of transitions for the economy process over half a year and
use these and the random number that has been picked to determine the new state of the economy. We
choose 250 further random numbers on the uniform distribution over (0,1) to simulate the interest rate
process. The probabilities used to determine whether the process has jumped up or down depend on the
state of the economy at the start of the year and midway through it. The size of the jumps also depend on
the realisation of the economy. As the process is recombining the order of the upward and downward jumps
do not matter. We are able to calculate the yield curve one year forward given the number of upward and
downward jumps in each state of the economy.

Each bond is simulated separately to give the bond’s new rating at the end of the year. For each simulation
we take the realisation of the economy from the first part, then the probabilities of changing rating class
over the year are known. We pick one uniform random number to derive a new rating for the bond.

For each simulation we have an interest rate curve and we know the state of the economy and each bond’s
new rating. We price each bond individually and we note from the pricing formulae (37) that we need to
determine ATn

0 (j, e) for each simulation. Any bond can only go to a finite number of states, so rather than
recalculating ATn

0 (j, e) several times we calculate all possible values and look up the appropriate value for
each simulation and discount it by the interest rate.
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4.2 Results

In order to evaluate the effect of the good and bad economies we have carried out two sets of experiments,
one assuming that the economy starts in state G and the other in state B. When the economy starts in
state G we use the initial yield curve as at 30 December 2005 and when it starts in state B we use the curve
as at 31 December 2002. The VaR and CVaR are calculated at the 95 % level and we use 1, 000 simulations
in both experiments.

The initial prices have been calculated using the appropriate yield curves and the derived risk adjustment
factors. The expected return is the annualised return implied by the initial price.

The portfolio value under each simulation is calculated as the weighted value of the component bonds prices.
The VaR is then calculated as the 5% lower quantile. For the CVaR we take the average value of those
simulated portfolios where the value is less than or equal to the VaR. We report the VaR and CVaR as the
loss as a percentage of initial portfolio value.

The results of the experiment when the state of the economy is G is reported in Table 13 and those when
the economy is bad in Table 14.

Table 13: Simulation results when the economy is in state G

Portfolio Bonds Weights Expected VaR CVaR
% Return over a year over a year

over (Loss (Loss
a year Amount) Amount)

P1 Treasury bond, maturity 20 years 100.00% 4.61% 1.60% 1.78%
P2 C rated bond, maturity 20 years 100.00% 10.86% 13.22% 13.47%
P3 Treasury bond, maturity 20 years 50.00% 4.92% 4.49% 7.13%

AA rated bond, maturity 20 years 50.00%
P4 Treasury bond, maturity 20 years 33.34% 5.52% 9.58% 11.17%

AA rated bond, maturity 20 years 33.33%
BBB rated bond, maturity 20 years 33.33%

Table 14: Simulation results when the economy is in state B

Portfolio Bonds Weights Expected VaR CVaR
% Return over a year over a year

over (Loss (Loss
a year Amount) Amount)

P1 Treasury bond, maturity 20 years 100.00% 4.83% 0.82% 1.16%
P2 C rated bond, maturity 20 years 100.00% 11.29% 9.37% 9.81%
P3 Treasury bond, maturity 20 years 50.00% 5.35% 5.04% 9.12%

AA rated bond, maturity 20 years 50.00%
P4 Treasury bond, maturity 20 years 33.34% 6.20% 5.98% 9.73%

AA rated bond, maturity 20 years 33.33%
BBB rated bond, maturity 20 years 33.33%
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5 Concluding remarks

We have described a regime switching Markovian pricing model for credit risky bonds and calibrated this
model using historical market data. Through the introduction of the three Markov chains we integrate
market and credit risk under consideration of the state of the economy. We determine the physical and
pricing measures and describe the relationship between them. In particular our model extends the approach
of Thomas et al. by considering the entire default-free yield curve with appropriate restrictions to exclude
arbitrage across different maturities. A QP is used to discover the underlying zero coupon bond prices from
the market prices of coupon bonds; the constraints of the QP remove anomalous pricing. The risk neutral
measure for the credit migration process is computed using a second QP model in which constraints ensure
probabilities are non-negative and sum to unity.

The model has been used to simulate the distribution of credit risky bonds portfolios and thus calculate risk
measures. A further extension to the work would be to simulate the risk process over time.

Markets for credit derivative products, as described by the indices iTraxx and CDX, are much more liquid
than the underlying bond markets. These might provide a better way for calibrating credit models. (Al-
banese, Chen, Dalessandro & Vidler (2006))

We present a descriptive model and we only price the future portfolio and quantify its risk exposure but do
not investigate the management of the credit risk of the portfolio. That is we do not make any decisions
about what the optimal portfolio to hold might be. Jobst (2002) and Jobst, Mitra & Zenios (2006) investigate
the use of multi-stage stochastic optimisation decision models for managing portfolios with credit sensitive
and interest rate sensitive assets. However, our Markovian regime switching model can be used to generate
scenarios which describe asset price dynamics. These scenarios can be used for a stochastic programming
ex-ante decision model and for out of sample simulation to study the volatility and risk behaviour of bond
portfolios.
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A Stripping coupons using quadratic programming QP

A coupon bond can be viewed as a portfolio of zero coupon bonds. So if we assume that markets are
arbitrage-free the price of a bond b at time 0 would be

pb =
T∑

t=1

cb(t)zr(b)(t).

Here bond b pays coupons of a semi-annually at times t = 1, . . . , T and at maturity the face value of F is
returned. Let cb(t) represent a cash flow at time t where cb(t) = a for t 6= T and cb(T ) = a + F . Also r(b)
gives the rating of bond b and zr(b)(t) is the zero coupon bond price for zero coupon bond of rating r(b)
which matures at time t. Zero coupon bond prices act as discount factors.

Models for term structure of credit risk free and credit risky bonds describe zero coupon bond prices or
equivalently spot rates or forward rates. However, mainly coupon bonds are available in the market. Only
a relatively small number of STRIPS are traded and as a result these are not very liquid instruments and
their returns include a premium for liquidity. So we need to determine the underlying zero coupon bond
prices from the observed market prices of coupon bonds before we can calibrate our model.

Traditional methods for doing this include “bootstrapping”, linear regression and the use of cubic splines.
As can be seen above a coupon bond’s price depends on its rating, maturity and coupon. Jarrow, Lando and
Turnbull (1997) bucket bonds by rating and maturity and then calculate the average prices and coupons for
each bucket. They then solve a system of triangular equations to derive the zero coupon bond prices. This
is known as bootstrapping. As long as one coupon bond matures in each time period this gives a unique set
of prices. Jarrow et al., however, find that anomalous pricings or mispricings occur. In particular, bonds
with worse ratings do not always have prices below bonds with higher ratings as would be expected in an
arbitrage-free economy.

Allen, Thomas and Zheng (2000) use linear programming to derive zero coupon bond prices. To do this
they find the zero coupon bond prices that minimise the absolute pricing error. The distinguishing feature
of their approach is the introduction of constraints which remove mispricing. They also recognise that a
bond’s price is affected by its relative liquidity and so they incorporate the size of a bond’s issue in their
linear program (LP). We use a similar formulation to Allen et al. but instead we use quadratic programming
(QP) to minimise the squared pricing errors. This is equivalent to a constrained regression. We compare
the results of QP and LP to investigate the difference between the methods. In particular, we consider an
“efficient frontier” showing the trade-off between the two objectives.

As before, consider the set of rating classes SR = {0, 1, . . . ,M}, where 0 represents default-free government
bonds and M bankruptcy. We consider the time set ST = {0, . . . , T ∗}. We have a set of N bonds SB =
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{1, . . . , N}, where bond b has a current market price of vb, rating given by r(b) ∈ SR and pays cash flow
cb(t) at time t. zk(t) is the unknown price of a zero coupon bond with rating k which pays 1 at time t.
Finally let ob represent the pricing error “over” and ub the pricing error “under”. We solve the following
quadratic program.

Minimise
∑

b∈SB

(ob + ub)2(54)

subject to

vb + ob =
T∑

t=1

cb(t)zr(b)(t) + ub ∀ b ∈ SB(55)

z0(t) ≥ z0(t + 1)(1 + m(t)) ∀ b ∈ SB(56)

zk(t + 1)− zk+1(t + 1) ≥ zk(t)− zk+1(t) ∀ t ∈ ST , ∀ k ∈ {0, . . . , M − 1}(57)

As already stated we are minimising the squared errors. We expect the market price of the bond to equal its
cash flows discounted by appropriate zero coupon bond prices with some error term. This is shown in (55).
The next constraint ensures that as the term to maturity of default free zero coupon bonds increases their
prices decrease. Finally (57) requires zero coupon bond prices for ratings 1 to M − 1 are also decreasing
functions with respect to time to maturity. It also forces bonds with worse ratings to have lower prices.

To simplify the calculation and reduce the number of cash flow dates it is assumed all bonds pay their
coupons on the same dates. The dates considered are 1

12 , 3
12 , 6

12 , 1, 2, 3, 5, 7, 10, 20 years from the calculation
date. The cash flows are adjusted for the change in timing of payments. Cash flows that fall between these
dates are split proportionally to the time intervals between the start and end of the buckets.

Figure 4 shows the results for 140 bonds. Their market prices are as at 24 February 2002.

Time

1 rat0 rat1 rat2 rat3 rat4 rat5 rat6 rat7 rat8 rat9

t0 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000

t1 0.990099 0.990099 0.990099 0.990099 0.990099 0.983962 0.979021 0.979021 0.979021 0.979021

t2 0.980296 0.980296 0.980296 0.980296 0.96019 0.933766 0.891500 0.891500 0.891500 0.891050

t3 0.970590 0.970590 0.967773 0.958247 0.931388 0.904964 0.814784 0.814784 0.814784 0.814784

t4 0.952417 0.952417 0.949600 0.940074 0.913215 0.886791 0.796611 0.796611 0.796611 0.796611

t5 0.942987 0.942987 0.940170 0.930644 0.903785 0.877361 0.787181 0.787181 0.787181 0.787181

t6 0.902465 0.902465 0.898283 0.888756 0.861897 0.835473 0.745293 0.745293 0.745293 0.745293

t7 0.838184 0.838184 0.834001 0.824474 0.797615 0.771191 0.676488 0.676488 0.676488 0.676488

t8 0.829885 0.829885 0.825702 0.816176 0.789317 0.762893 0.668189 0.668189 0.641795 0.641795

t9 0.821668 0.821668 0.817486 0.807959 0.781100 0.754676 0.659973 0.659973 0.633578 0.633578

t10 0.813533 0.813533 0.809350 0.799824 0.772965 0.746541 0.651837 0.651837 0.625443 0.625443

t11 0.763743 0.763743 0.759560 0.750033 0.723174 0.696750 0.591850 0.591850 0.565455 0.565455

t12 0.756181 0.756181 0.751998 0.742472 0.715613 0.689189 0.584288 0.584288 0.475865 0.475865

t13 0.748694 0.748694 0.744511 0.734985 0.708126 0.681702 0.576801 0.576801 0.468379 0.468379

t14 0.703403 0.703403 0.699221 0.689694 0.662835 0.636411 0.531510 0.531510 0.423088 0.423088

t15 0.661618 0.661618 0.657436 0.647909 0.621050 0.594626 0.489726 0.489726 0.381303 0.381303
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Zero coupon bond prices against time to maturity
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Figure 4: Results of QP with arbitrage constraint

We notice that the zero coupon bond prices for Treasury and AAA rated bonds are identical. They are also
identical for B and CCC. Generally the curves are very similar for bonds of similar ratings. To investigate
this we change constraint (57) so that the prices are still required to be decreasing functions of time to
maturity, however, bonds which have worse ratings are no longer required to have lower prices than those
with better ratings. So we solve

Minimise
∑

b∈SB

(ob + ub)2(58)

subject to

vb + ob =
T∑

t=1

cb(t)zr(b)(t) + ub ∀ b ∈ SB(59)

z0(t) ≥ z0(t + 1)(1 + m(t)) ∀ b ∈ SB(60)

z0(t + 1)− zk+1(t + 1) ≥ z0(t)− zk+1(t) ∀ t ∈ ST(61)

∀ k ∈ {0, . . . , M − 1}.
We display the results for the same data set in Figure 5.
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Zero coupon bond prices against time to maturity
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Figure 5: Anomalous results of QP without arbitrage constraints

There are many zero coupon bond prices which will price the coupon bonds close to their observed market
prices. We are however more interested in those solutions which will result in prices that show properties
which we expect to observe in the market. The introduction of appropriate constraints allows us to do this.

We were interested in the difference in the results of the LP and QP. So we reformulate the original QP with
an additional constraint that fixes the level of the absolute deviation.

Minimise
∑

b∈SB

(ob + ub)2(62)

subject to

vb + ob =
T∑

t=1

cb(t)zr(b)(t) + ub ∀ b ∈ SB(63)

z0(t) ≥ z0(t + 1)(1 + m(t)) ∀ b ∈ SB(64)

z0(t + 1)− zk+1(t + 1) ≥ z0(t)− zk+1(t) ∀ t ∈ ST(65)

∀ k ∈ {0, . . . , M − 1}
∑

b∈SB

ob + ub = D.(66)

This QP problem is solved for a number of values of D that lie between the minimum absolute error that can
be found from the LP and the absolute error given when using the optimal solution for the QP. This allows
us to plot an “efficient frontier” of absolute pricing error against squared pricing errors. If we wish to have
results that give low absolute pricing errors and squared pricing errors we might use result from point A or B.
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Efficient Frontier of absolute errors against squared errors

684 752
8000

8500

9000

9500

10000

680 690 700 710 720 730 740 750 760

Absolute Errors

S
q

u
a

re
d

 E
rr

o
rs

A
B

Figure 6: Efficient Frontier showing trade-off between minimising squared errors and absolute errors

B Credit migration process calibration

We calibrate the risk neutral probability measure by using the migration rates implied by the market zero
coupon bond prices, empirical credit migration rates and assumed default rate. These implied rates may,
however, be negative. So we minimise the difference between the calculated bond prices and observed prices,
introducing the constraint that the probabilities are non-negative, less than or equal to 1 and sum to unity.
The method outlined in section 3.4 considers calibration using observed prices at one date. The following
method incorporates the use of several observation dates.

We define the following sets

TP = {T0, . . . , Tk} timepoints considered,
SB = {T0, . . . , Tk−1} timepoints denoting the start of the buckets,
EB = {T1, . . . , Tk} timepoints denoting the end of the buckets,
CS = {1, . . . ,M} all credit states excluding Treasury bonds,
CS2 = {1, . . . ,M − 1} all credit states excluding Treasury bonds and the default state,
OBS = {1, . . . , N} observation times of prices.

We first find the risk neutral probabilities over (T0, T1) using the QP initial credit fit. Then we determine
the risk neutral probabilities over (Tn, Tn+1), recursively using the QP recursive credit fit.

B.1 QP initial credit fit

The decision variables are the risk adjustment factors, π(T0, j) j ∈ CS2; the risk neutral probabilities
p̃j j′(T0), j, j′ ∈ CS2 and the zero coupon bond prices implied by the calibrated model. We denote these
prices by ZCTk

T0
(j, n) the zero coupon bond price calculated by the calibrated model at time T0 for a bond

maturing at Tk with rating j, when the price of a Treasury bond is the price observed at n, n ∈ OBS. To
simplify the notation in this section, we drop the state of the economy and state of the ratings’ superscripts.
At time t = 0 we see that T0 = t = 0 the interest rate process is in state st = 0, so we also drop the use of
st.
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We have the following items as data inputs, that is, parameters to the problem. ZT1
T0

(j, n) are the observed
zero coupon bond prices for j ∈ CS, n ∈ OBS and ZT1

T0
(0, n) are observed prices for Treasury bonds. The

physical world transition rates over (T0, T1] are also data items, pj j′(T1 − T0), j, j′ ∈ CS2.

To find π(T0, j) we solve the following QP,

Minimise
∑

n∈OBS

∑

j∈CS2

(ZT1
T0

(j, n)− ZCT1
T0

(j, n))2(67)

subject to

ZCT1
T0

(j, n) = ZT1
T0

(0, n)[1 + p̃j M (T0) (η − 1)] ∀ j ∈ CS2 ∀ n ∈ OBS(68)

p̃j j′(T0) ≥ 0 ∀ j j′ ∈ CS(69)

p̃j j′(T0) ≤ 1 ∀ j j′ ∈ CS(70)

∑

j ∈ CS

p̃j j′(T0) = 1 ∀ j j′ ∈ CS(71)

p̃j j′(T0) = π(T0, j)pj j′(T1 − T0) ∀ j j′ ∈ CS2.(72)

B.2 QP recursive credit fit

We then solve the following QP recursively, to find π(Tn, j), for n ∈ {1, . . . , k}. We introduce p̃j j′(T0, Tn)
to represent the risk neutral probability of going from state j to j′ in time period (T0, Tn].

Consider the time period (Tn, Tn+1]. The decision variables are the risk adjustment factors π(Tn, j), the
risk neutral probabilities p̃jj′(T0, Tn−1) and the zero coupon bond prices, ZCTn

T0
(j) implied by the calibrated

model.

The parameters are the observed bond prices ZTn

T0
(j, n) for j ∈ CS2 n ∈ OBS, observed prices for Treasury

bonds ZT1
T0

(0, n) and physical world transition rates pj j′(Tn+1 − Tn).

To find π(Tn, j) we solve the following QP problem,

Minimise
∑

n∈OBS

∑

j∈CS2

(ZTn

T0
(j, n)− ZCTn

T0
(j, n))2(73)

subject to

ZCTn

T0
(j) = ZTn

T0
(0, n)[1 + p̃j M (T0, Tn) (η − 1)] ∀ j ∈ CS2 ∀ n ∈ OBS(74)

p̃j j′(Tn) ≥ 0 ∀ j j′ ∈ CS(75)

p̃j j′(Tn) ≤ 1 ∀ j j′ ∈ CS(76)

∑

j ∈ CS

p̃j j′(Tn) = 1 ∀ j j′ ∈ CS(77)

p̃j j′(Tn) = π(Tn, j)pj j′(Tn − T0) ∀ j j′ ∈ CS2(78)

p̃j M (T0, Tn) =
∑

k∈CS

p̃j M (T0, Tn−1)p̃j j′(Tn) ∀ j j′ ∈ CS(79)
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C Results of calibration of credit migration process

C.1 Physical world measure

The physical world measure for the credit migration process is determined as outlined in section 3.4. The
matrices over a fraction of a year are calculated by finding the nth root of the annual transition matrix.
An alternative way of doing this is described by Jarrow et al. (1997). They consider the generator matrix
Γ. The (i, j)th entry is the intensity of the equivalent jump process from state i to state j in continuous
time. Transitions of the Markov chain over (0, t] are then defined by exp (tΓ) = Σ∞k=0

(tΓ)
k! . Using the known

annual transition rates, they use the approximation exp (Λ) ≈ R to derive Λ. An alternative approximation
that they give is R = exp(Λ) ≈ I + Λ.

Table 15: Rating transitions over a 1
12 of a year economy state G

AAA AA A BBB BB B CCC/C D
AAA 99.577 0.423 0.000 0.000 0.000 0.000 0.000 0.000
AA 0.041 99.478 0.472 0.008 0.000 0.000 0.000 0.000
A 0.7005 0.154 99.466 0.366 0.010 0.000 0.000 0.000
BBB 0.002 0.012 0.290 99.362 0.304 0.019 0.002 0.008
BB 0.011 0.003 0.011 0.601 98.633 0.690 0.019 0.033
B 0.000 0.003 0.025 0.006 0.688 98.596 0.425 0.257
CCC/C 0.000 0.000 0.096 0.096 0.022 2.011 95.515 2.260
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 16: Rating transitions over a 1
12 of a year economy state B

AAA AA A BBB BB B CCC/C D
AAA 99.552 0.429 0.020 0.000 0.000 0.000 0.000 0.000
AA 0.039 98.802 1.072 0.052 0.005 0.024 0.000 0.006
A 0.000 0.139 99.064 0.745 0.015 0.009 0.019 0.009
BBB 0.000 0.012 0.208 99.178 0.505 0.039 0.026 0.032
BB 0.004 0.004 0.020 0.294 98.510 0.985 0.072 0.112
B 0.000 0.000 0.001 0.010 0.416 98.132 0.877 0.564
CCC/C 0.000 0.000 0.035 0.000 0.090 0.779 94.127 4.970
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 17: Rating transitions over a 2
12 of a year economy state G

AAA AA A BBB BB B CCC/C D
AAA 99.159 0.841 0.000 0.000 0.000 0.000 0.000 0.000
AA 0.083 98.959 0.940 0.019 0.000 0.000 0.000 0.000
A 0.009 0.306 98.937 0.728 0.020 0.000 0.000 0.000
BBB 0.004 0.025 0.577 98.731 0.601 0.040 0.004 0.017
BB 0.022 0.006 0.024 1.190 97.291 1.361 0.040 0.068
B 0.000 0.006 0.050 0.017 1.357 97.224 0.825 0.520
CCC/C 0.000 0.000 0.188 0.187 0.056 3.905 91.239 4.425
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 18: Rating transitions over a 2
12 of a year economy state B

AAA AA A BBB BB B CCC/C D
AAA 99.106 0.850 0.043 0.000 0.000 0.000 0.000 0.000
AA 0.078 97.621 2.121 0.110 0.010 0.048 0.000 0.013
A 0.000 0.275 98.141 1.477 0.033 0.019 0.037 0.019
BBB 0.000 0.024 0.413 98.366 0.998 0.082 0.051 0.066
BB 0.008 0.007 0.040 0.581 97.049 1.938 0.147 0.231
B 0.000 0.000 0.003 0.021 0.819 96.309 1.687 1.161
CCC/C 0.000 0.000 0.068 0.000 0.176 1.498 88.606 9.652
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 19: Rating transitions over a 3
12 of a year economy state G

AAA AA A BBB BB B CCC/C D
AAA 98.744 1.256 0.000 0.000 0.000 0.000 0.000 0.000
AA 0.123 98.444 1.403 0.030 0.000 0.000 0.000 0.000
A 0.014 0.457 98.412 1.085 0.032 0.000 0.000 0.000
BBB 0.007 0.038 0.861 98.107 0.893 0.063 0.006 0.026
BB 0.032 0.008 0.038 1.767 95.973 2.014 0.062 0.105
B 0.000 0.010 0.075 0.033 2.007 95.885 1.201 0.789
CCC/C 0.000 0.000 0.276 0.275 0.102 5.685 87.164 6.497
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 20: Rating transitions over a 3
12 of a year economy state B

AAA AA A BBB BB B CCC/C D
AAA 98.664 1.265 0.071 0.000 0.000 0.000 0.000 0.000
AA 0.116 96.455 3.147 0.175 0.015 0.071 0.000 0.020
A 0.000 0.408 97.229 2.197 0.054 0.029 0.054 0.030
BBB 0.000 0.036 0.614 97.564 1.481 0.129 0.075 0.101
BB 0.011 0.011 0.060 0.862 95.614 2.860 0.225 0.357
B 0.000 0.000 0.005 0.033 1.209 94.531 2.434 1.788
CCC/C 0.000 0.000 0.098 0.000 0.260 2.161 83.416 14.064
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 21: Rating transitions over 1
2a year economy state G

AAA AA A BBB BB B CCC/C D
AAA 97.524 2.476 0.000 0.000 0.000 0.000 0.000 0.000
AA 0.243 96.921 2.761 0.075 0.000 0.000 0.000 0.000
A 0.028 0.900 96.867 2.133 0.071 0.000 0.000 0.000
BBB 0.013 0.078 1.694 96.275 1.734 0.141 0.013 0.053
BB 0.063 0.018 0.092 3.430 92.165 3.869 0.138 0.226
B 0.000 0.019 0.151 0.103 3.852 92.048 2.200 1.627
CCC/C 0.000 0.000 0.519 0.516 0.304 10.410 76.046 12.206
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 22: Rating transitions over 1
2a year economy state B

AAA AA A BBB BB B CCC/C D
AAA 97.352 2.469 0.180 0.000 0.000 0.000 0.000 0.000
AA 0.226 93.055 6.097 0.410 0.034 0.138 0.000 0.040
A 0.000 0.791 94.561 4.280 0.138 0.062 0.100 0.069
BBB 0.000 0.072 1.198 95.214 2.862 0.292 0.143 0.218
BB 0.022 0.021 0.122 1.668 91.468 5.443 0.472 0.783
B 0.000 0.000 0.013 0.075 2.305 89.448 4.334 3.826
CCC/C 0.000 0.000 0.178 0.000 0.491 3.853 69.641 25.836
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 23: Rating transitions over a year economy state G

AAA AA A BBB BB B CCC/C D
AAA 95.183 4.817 0.000 0.000 0.000 0.000 0.000 0.000
AA 0.474 93.970 5.352 0.203 0.000 0.000 0.000 0.000
A 0.057 1.747 93.900 4.124 0.172 0.000 0.000 0.000
BBB 0.028 0.167 3.275 92.784 3.275 0.333 0.028 0.111
BB 0.119 0.040 0.238 6.471 85.153 7.146 0.318 0.516
B 0.000 0.038 0.302 0.340 7.105 85.110 3.704 3.401
CCC/C 0.000 0.000 0.922 0.922 0.922 17.512 58.065 21.659
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 24: Rating transitions over a year economy state B

AAA AA A BBB BB B CCC/C D
AAA 94.802 4.703 0.495 0.000 0.000 0.000 0.000 0.000
AA 0.430 86.661 11.446 1.033 0.086 0.258 0.000 0.086
A 0.000 1.487 89.519 8.129 0.380 0.138 0.173 0.173
BBB 0.000 0.146 2.281 90.758 5.352 0.702 0.263 0.497
BB 0.042 0.042 0.250 3.124 83.840 9.871 1.000 1.833
B 0.000 0.000 0.035 0.176 4.193 80.303 6.906 8.386
CCC/C 0.000 0.000 0.293 0.000 0.880 6.158 48.680 43.988
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 25: Rating transitions over two years economy state G

AAA AA A BBB BB B CCC/C D
AAA 90.621 9.111 0.258 0.010 0.000 0.000 0.000 0.000
AA 0.900 88.421 10.062 0.600 0.016 0.001 0.000 0.000
A 0.118 3.292 88.402 7.713 0.443 0.026 0.002 0.005
BBB 0.059 0.371 6.132 86.437 5.857 0.831 0.065 0.248
BB 0.217 0.094 0.665 11.551 73.233 12.244 0.721 1.275
B 0.009 0.076 0.605 1.112 12.143 73.594 5.325 7.135
CCC/C 0.002 0.025 1.486 1.548 2.596 25.141 34.367 34.837
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 26: Rating transitions over two years economy state B

AAA AA A BBB BB B CCC/C D
AAA 89.894 8.542 1.451 0.089 0.006 0.013 0.001 0.005
AA 0.781 75.293 20.191 2.766 0.256 0.463 0.041 0.209
A 0.007 2.633 80.494 14.682 1.103 0.344 0.274 0.464
BBB 0.003 0.296 4.144 82.725 9.386 1.749 0.473 1.225
BB 0.075 0.081 0.516 5.492 70.882 16.286 2.015 4.652
B 0.002 0.003 0.095 0.435 6.953 65.326 8.950 18.236
CCC/C 0.000 0.005 0.410 0.062 1.425 8.031 24.132 65.935
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 27: Rating transitions over three years economy state G

AAA AA A BBB BB B CCC/C D
AAA 86.299 12.932 0.730 0.038 0.001 0.000 0.000 0.000
AA 1.282 83.309 14.201 1.153 0.050 0.004 0.000 0.001
A 0.181 4.656 83.439 10.837 0.783 0.080 0.005 0.018
BBB 0.092 0.605 8.626 80.836 7.889 1.425 0.111 0.417
BB 0.298 0.164 1.226 15.532 63.616 15.818 1.108 2.238
B 0.024 0.117 0.910 2.142 15.656 64.439 5.857 10.856
CCC/C 0.006 0.062 1.846 2.067 4.367 27.606 20.895 43.150
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 28: Rating transitions over three years economy state B

AAA AA A BBB BB B CCC/C D
AAA 85.258 11.652 2.723 0.287 0.023 0.036 0.004 0.017
AA 1.064 65.591 26.761 4.938 0.524 0.641 0.097 0.384
A 0.018 3.501 72.698 19.930 2.036 0.623 0.346 0.848
BBB 0.008 0.443 5.656 75.715 12.390 2.947 0.670 2.171
BB 0.101 0.119 0.786 7.270 60.425 20.239 2.830 8.232
B 0.005 0.007 0.162 0.735 8.671 53.700 8.939 27.782
CCC/C 0.001 0.011 0.446 0.148 1.749 8.077 12.317 77.251
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 29: Rating transitions over ten years economy state G

AAA AA A BBB BB B CCC/C D
AAA 61.724 29.632 7.409 1.112 0.099 0.018 0.001 0.005
AA 3.014 56.989 31.715 7.173 0.841 0.192 0.016 0.060
A 0.645 10.570 59.631 23.834 3.749 1.091 0.094 0.385
BBB 0.354 2.609 19.164 55.521 13.722 5.543 0.514 2.573
BB 0.601 0.967 6.318 26.843 30.761 20.916 2.134 11.460
B 0.184 0.507 3.177 10.091 20.540 31.300 3.650 30.553
CCC/C 0.082 0.404 2.907 5.528 9.676 17.068 2.336 61.999
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 30: Rating transitions over ten years economy state B

AAA AA A BBB BB B CCC/C D
AAA 59.121 20.746 13.655 4.649 0.772 0.444 0.100 0.512
AA 1.889 27.122 39.480 21.017 4.441 2.210 0.507 3.334
A 0.149 5.298 39.902 34.879 9.019 3.861 0.855 6.038
BBB 0.069 1.218 10.235 45.017 18.541 9.388 1.739 13.794
BB 0.175 0.337 2.276 11.118 24.257 20.025 3.605 38.208
B 0.028 0.064 0.562 2.434 8.656 16.761 3.319 68.176
CCC/C 0.006 0.040 0.356 0.622 1.704 3.175 0.688 93.408
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

C.2 Pricing measure

Table 31: Risk adjustment factors economy state G

0 Months 1 Month 3 Months 6 Months 1 Year 2 Years 3 Years 5 Years 7 Years 10 Years
-1 Month -3 Months -6 Months -1 Year -2 Years -3 Years -5 Years -7 Years -10 Years -20 Years

AAA 0.9996 0.9979 0.9954 0.9985 0.9987 0.9981 0.9966 0.9984 0.9837 0.9919
AA 0.9996 0.9979 0.9954 0.9985 0.9987 0.9981 0.9965 0.9983 0.9782 1.0006
A 0.9996 0.9979 0.9954 0.9985 0.9988 0.9983 0.9973 0.9988 1.0002 1.0039
BBB 0.9911 0.9967 0.9917 0.9979 0.9981 0.9979 0.9989 1.0025 1.0042 1.0264
BB 0.9266 0.9831 0.9738 0.9855 0.9812 0.9797 0.9587 0.9911 0.6213 0.6842
B 0.8390 0.9855 1.0080 0.9572 0.9854 0.9795 0.9511 1.0438 0.0010 0.0010
C 0.7607 1.0227 1.0218 1.1031 1.1604 1.1124 0.9392 0.8007 0.0010 0.0010

Table 32: Risk adjustment factors economy state B

0 Months 1 Month 3 Months 6 Months 1 Year 2 Years 3 Years 5 Years 7 Years 10 Years
-1 Month -3 Months -6 Months -1 Year -2 Years -3 Years -5 Years -7 Years -10 Years -20 Years

AAA 1.0000 1.0000 0.9997 0.9932 0.9915 0.9974 0.9963 0.9996 0.9960 1.0022
AA 0.9989 0.9952 0.9918 0.9822 0.9885 0.9956 0.9893 0.9998 0.9819 1.0075
A 0.9970 0.9936 1.0003 0.9679 0.9891 0.9964 0.9939 1.0038 0.9935 1.0643
BBB 0.9775 0.9791 0.9777 0.9766 0.9901 0.9950 0.9836 1.0081 0.9890 1.1600
BB 0.9353 0.9636 0.9609 0.9783 1.0001 1.0029 1.0039 1.0436 1.0897 1.6183
B 0.8471 0.9467 0.9637 1.0017 1.0630 1.0572 1.1016 1.2141 1.0602 0.8352
CCC/C 0.7865 0.9751 1.0874 1.2833 1.7106 1.6546 2.0525 2.6400 0.0010 0.0010
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Table 33: Rating transitions over 0 months to 1 month economy state G

AAA AA A BBB BB B CCC/C D
AAA 99.533 0.422 0.000 0.000 0.000 0.000 0.000 0.044
AA 0.041 99.434 0.472 0.008 0.000 0.000 0.000 0.044
A 0.005 0.154 99.422 0.366 0.010 0.000 0.000 0.044
BBB 0.002 0.012 0.288 98.480 0.301 0.019 0.002 0.896
BB 0.010 0.003 0.010 0.557 91.397 0.639 0.018 7.367
B 0.000 0.003 0.021 0.005 0.577 82.718 0.356 16.319
CCC/C 0.000 0.000 0.073 0.073 0.016 1.530 72.660 25.647
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 34: Rating transitions over 0 months to 1 month economy state B

AAA AA A BBB BB B CCC/C D
AAA 99.552 0.429 0.020 0.000 0.000 0.000 0.000 0.000
AA 0.039 98.692 1.071 0.052 0.005 0.024 0.000 0.118
A 0.000 0.138 98.769 0.743 0.015 0.009 0.019 0.307
BBB 0.000 0.012 0.203 96.950 0.494 0.038 0.025 2.278
BB 0.004 0.003 0.019 0.275 92.133 0.921 0.067 6.578
B 0.000 0.000 0.001 0.009 0.352 83.129 0.743 15.766
CCC/C 0.000 0.000 0.028 0.000 0.071 0.612 74.027 25.263
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 35: Rating transitions over 1 month to 3 months economy state G

AAA AA A BBB BB B CCC/C D
AAA 98.954 0.839 0.000 0.000 0.000 0.000 0.000 0.207
AA 0.082 98.754 0.938 0.019 0.000 0.000 0.000 0.207
A 0.009 0.306 98.732 0.726 0.020 0.000 0.000 0.206
BBB 0.004 0.025 0.576 98.400 0.599 0.040 0.004 0.352
BB 0.021 0.005 0.023 1.170 95.650 1.338 0.039 1.753
B 0.000 0.006 0.049 0.017 1.337 95.815 0.813 1.962
CCC/C 0.000 0.000 0.192 0.192 0.057 3.993 93.307 2.258
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 36: Rating transitions over 1 month to 3 months economy state B

AAA AA A BBB BB B CCC/C D
AAA 99.106 0.850 0.043 0.000 0.000 0.000 0.000 0.000
AA 0.077 97.150 2.110 0.110 0.010 0.048 0.000 0.495
A 0.000 0.273 97.510 1.468 0.032 0.019 0.037 0.661
BBB 0.000 0.023 0.404 96.307 0.977 0.080 0.050 2.158
BB 0.007 0.007 0.038 0.560 93.512 1.868 0.141 3.866
B 0.000 0.000 0.003 0.020 0.775 91.173 1.597 6.432
CCC/C 0.000 0.000 0.066 0.000 0.172 1.460 86.396 11.905
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 37: Rating transitions over 3 months to 6 months economy state G

AAA AA A BBB BB B CCC/C D
AAA 98.289 1.250 0.000 0.000 0.000 0.000 0.000 0.461
AA 0.123 97.990 1.396 0.030 0.000 0.000 0.000 0.461
A 0.014 0.455 97.962 1.080 0.032 0.000 0.000 0.457
BBB 0.007 0.037 0.854 97.289 0.885 0.062 0.006 0.859
BB 0.031 0.008 0.037 1.720 93.454 1.961 0.060 2.727
B 0.000 0.010 0.076 0.033 2.023 96.648 1.211 0.000
CCC/C 0.000 0.000 0.282 0.281 0.105 5.809 89.064 4.459
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 38: Rating transitions over 3 months to 6 months economy state B

AAA AA A BBB BB B CCC/C D
AAA 98.634 1.265 0.071 0.000 0.000 0.000 0.000 0.030
AA 0.115 95.668 3.122 0.174 0.015 0.071 0.000 0.836
A 0.000 0.408 97.257 2.197 0.054 0.029 0.054 0.000
BBB 0.000 0.035 0.600 95.390 1.448 0.126 0.074 2.327
BB 0.011 0.010 0.058 0.829 91.874 2.748 0.216 4.255
B 0.000 0.000 0.005 0.032 1.165 91.097 2.345 5.355
CCC/C 0.000 0.000 0.107 0.000 0.282 2.350 90.704 6.556
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 39: Rating transitions over 6 months to 1 year economy state G

AAA AA A BBB BB B CCC/C D
AAA 97.374 2.472 0.000 0.000 0.000 0.000 0.000 0.153
AA 0.243 96.772 2.757 0.075 0.000 0.000 0.000 0.153
A 0.028 0.899 96.724 2.130 0.071 0.000 0.000 0.148
BBB 0.013 0.078 1.690 96.072 1.731 0.140 0.013 0.262
BB 0.062 0.018 0.090 3.381 90.827 3.812 0.136 1.675
B 0.000 0.018 0.144 0.098 3.687 88.107 2.106 5.839
CCC/C 0.000 0.000 0.572 0.569 0.335 11.483 83.889 3.151
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 40: Rating transitions over 6 months to 1 year economy state B

AAA AA A BBB BB B CCC/C D
AAA 96.691 2.452 0.178 0.000 0.000 0.000 0.000 0.678
AA 0.222 91.403 5.989 0.402 0.033 0.135 0.000 1.815
A 0.000 0.766 91.528 4.143 0.133 0.060 0.096 3.274
BBB 0.000 0.071 1.170 92.990 2.795 0.285 0.140 2.549
BB 0.022 0.021 0.119 1.632 89.482 5.325 0.462 2.937
B 0.000 0.000 0.013 0.075 2.309 89.601 4.341 3.661
CCC/C 0.000 0.000 0.228 0.000 0.630 4.945 89.369 4.828
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 41: Rating transitions over 1 year to 2 years economy state G

AAA AA A BBB BB B CCC/C D
AAA 95.060 4.811 0.000 0.000 0.000 0.000 0.000 0.129
AA 0.474 93.848 5.345 0.203 0.000 0.000 0.000 0.130
A 0.057 1.745 93.790 4.119 0.172 0.000 0.000 0.118
BBB 0.028 0.166 3.269 92.611 3.269 0.332 0.028 0.297
BB 0.117 0.039 0.234 6.349 83.555 7.012 0.312 2.383
B 0.000 0.037 0.298 0.335 7.001 83.865 3.650 4.814
CCC/C 0.000 0.000 1.070 1.070 1.070 20.321 67.379 9.092
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 42: Rating transitions over 1 year to 2 years economy state B

AAA AA A BBB BB B CCC/C D
AAA 93.994 4.663 0.491 0.000 0.000 0.000 0.000 0.852
AA 0.425 85.664 11.314 1.021 0.085 0.255 0.000 1.236
A 0.000 1.471 88.547 8.040 0.376 0.137 0.171 1.257
BBB 0.000 0.145 2.259 89.859 5.299 0.695 0.261 1.483
BB 0.042 0.042 0.250 3.124 83.846 9.872 1.000 1.826
B 0.000 0.000 0.037 0.187 4.457 85.365 7.342 2.611
CCC/C 0.000 0.000 0.502 0.000 1.505 10.535 83.274 4.185
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000



41

Table 43: Rating transitions over 2 years to 3 years economy state G

AAA AA A BBB BB B CCC/C D
AAA 95.001 4.808 0.000 0.000 0.000 0.000 0.000 0.191
AA 0.473 93.789 5.342 0.203 0.000 0.000 0.000 0.192
A 0.057 1.744 93.745 4.117 0.172 0.000 0.000 0.166
BBB 0.028 0.166 3.268 92.587 3.268 0.332 0.028 0.323
BB 0.117 0.039 0.233 6.340 83.426 7.001 0.311 2.534
B 0.000 0.037 0.296 0.333 6.959 83.365 3.628 5.381
CCC/C 0.000 0.000 1.025 1.025 1.025 19.480 64.591 12.853
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 44: Rating transitions over 2 years to 3 years economy state B

AAA AA A BBB BB B CCC/C D
AAA 94.557 4.691 0.494 0.000 0.000 0.000 0.000 0.258
AA 0.428 86.278 11.395 1.028 0.086 0.257 0.000 0.527
A 0.000 1.482 89.201 8.100 0.379 0.138 0.172 0.528
BBB 0.000 0.146 2.270 90.308 5.326 0.698 0.262 0.990
BB 0.042 0.042 0.251 3.133 84.083 9.900 1.002 1.548
B 0.000 0.000 0.037 0.186 4.433 84.895 7.301 3.147
CCC/C 0.000 0.000 0.485 0.000 1.456 10.189 80.544 7.325
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 45: Rating transitions over 3 years to 5 years economy state G

AAA AA A BBB BB B CCC/C D
AAA 90.312 9.080 0.257 0.010 0.000 0.000 0.000 0.341
AA 0.897 88.113 10.027 0.598 0.016 0.001 0.000 0.348
A 0.118 3.283 88.160 7.692 0.441 0.026 0.002 0.279
BBB 0.059 0.371 6.125 86.342 5.851 0.830 0.065 0.358
BB 0.208 0.091 0.638 11.074 70.206 11.738 0.691 5.355
B 0.008 0.073 0.576 1.057 11.550 69.998 5.065 11.673
CCC/C 0.002 0.023 1.396 1.453 2.438 23.613 32.279 38.796
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 46: Rating transitions over 3 years to 5 years economy state B

AAA AA A BBB BB B CCC/C D
AAA 89.561 8.510 1.445 0.088 0.006 0.013 0.001 0.375
AA 0.772 74.484 19.974 2.736 0.254 0.458 0.041 1.281
A 0.007 2.616 80.004 14.592 1.097 0.342 0.272 1.070
BBB 0.003 0.291 4.076 81.372 9.232 1.720 0.465 2.840
BB 0.075 0.082 0.518 5.513 71.159 16.350 2.023 4.281
B 0.002 0.003 0.104 0.479 7.660 71.965 9.860 9.927
CCC/C 0.001 0.010 0.841 0.128 2.925 16.483 49.533 30.080
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 47: Rating transitions over 5 years to 7 years economy state G

AAA AA A BBB BB B CCC/C D
AAA 90.476 9.097 0.257 0.010 0.000 0.000 0.000 0.160
AA 0.899 88.272 10.045 0.599 0.016 0.001 0.000 0.168
A 0.118 3.287 88.293 7.703 0.442 0.026 0.002 0.129
BBB 0.059 0.372 6.147 86.650 5.871 0.833 0.065 0.003
BB 0.215 0.094 0.659 11.448 72.579 12.134 0.715 2.156
B 0.009 0.080 0.632 1.160 12.675 76.820 5.559 3.065
CCC/C 0.002 0.020 1.190 1.239 2.079 20.131 27.518 47.822
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 48: Rating transitions over 5 years to 7 years economy state B

AAA AA A BBB BB B CCC/C D
AAA 89.859 8.538 1.450 0.089 0.006 0.013 0.001 0.044
AA 0.781 75.279 20.187 2.765 0.256 0.463 0.041 0.227
A 0.007 2.642 80.799 14.737 1.107 0.345 0.275 0.087
BBB 0.003 0.298 4.177 83.391 9.461 1.763 0.477 0.430
BB 0.078 0.085 0.538 5.732 73.976 16.997 2.103 0.492
B 0.002 0.003 0.115 0.528 8.441 79.311 10.866 0.733
CCC/C 0.001 0.012 1.081 0.164 3.763 21.201 63.710 10.068
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 49: Rating transitions over 7 years to 10 years economy state G

AAA AA A BBB BB B CCC/C D
AAA 84.896 12.721 0.718 0.038 0.001 0.000 0.000 1.626
AA 1.254 81.493 13.891 1.128 0.049 0.004 0.000 2.182
A 0.181 4.657 83.454 10.839 0.783 0.080 0.005 0.000
BBB 0.093 0.608 8.662 81.174 7.922 1.431 0.111 0.000
BB 0.185 0.102 0.762 9.650 39.524 9.828 0.688 39.261
B 0.000 0.000 0.001 0.002 0.016 0.064 0.006 99.911
CCC/C 0.000 0.000 0.002 0.002 0.004 0.028 0.021 99.943
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 50: Rating transitions over 7 years to 10 years economy state B

AAA AA A BBB BB B CCC/C D
AAA 84.918 11.605 2.713 0.286 0.023 0.035 0.004 0.416
AA 1.045 64.401 26.275 4.848 0.515 0.629 0.095 2.192
A 0.018 3.478 72.227 19.801 2.023 0.619 0.344 1.490
BBB 0.008 0.438 5.594 74.882 12.254 2.915 0.662 3.248
BB 0.110 0.130 0.856 7.922 65.845 22.054 3.083 0.000
B 0.005 0.008 0.171 0.779 9.193 56.933 9.478 23.434
CCC/C 0.000 0.000 0.000 0.000 0.002 0.008 0.012 99.977
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000
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Table 51: Rating transitions over 10 years to 20 years economy state G

AAA AA A BBB BB B CCC/C D
AAA 61.224 29.392 7.349 1.103 0.098 0.017 0.001 0.815
AA 3.016 57.023 31.734 7.178 0.842 0.192 0.016 0.000
A 0.648 10.611 59.862 23.926 3.764 1.096 0.095 0.000
BBB 0.363 2.678 19.670 56.987 14.084 5.690 0.528 0.000
BB 0.411 0.662 4.323 18.367 21.048 14.311 1.460 39.418
B 0.000 0.001 0.003 0.010 0.021 0.031 0.004 99.931
CCC/C 0.000 0.000 0.003 0.006 0.010 0.017 0.002 99.962
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000

Table 52: Rating transitions over 10 years to 20 years economy state B

AAA AA A BBB BB B CCC/C D
AAA 59.250 20.791 13.685 4.659 0.774 0.445 0.100 0.296
AA 1.904 27.326 39.777 21.175 4.474 2.227 0.511 2.606
A 0.158 5.638 42.466 37.120 9.599 4.109 0.910 0.000
BBB 0.080 1.413 11.872 52.220 21.508 10.890 2.017 0.000
BB 0.283 0.546 3.683 17.992 39.255 32.407 5.834 0.000
B 0.023 0.054 0.470 2.033 7.230 13.999 2.772 73.420
CCC/C 0.000 0.000 0.000 0.001 0.002 0.003 0.001 99.993
D 0.000 0.000 0.000 0.000 0.000 0.000 0.000 100.000




