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Nonparametric multivariate conditional
distribution and quantile regression

Keming Yu, Xiaochen Sun and Mitra

Brunel University, West London, UK

Summary. In nonparametric multivariate regression analysis, one usually seeks
methods to reduce the dimensionality of the regression function to bypass the
difficulty caused by the curse of dimensionality. We study nonparametric es-
timation of multivariate conditional distribution and quantile regression via lo-
cal univariate quadratic estimation of partial derivatives of bivariate copulas.
Without restricting the form of underlying regression function or using dimen-
sional reduction, we show that a d-dimensional multivariate conditional distri-
bution and quantile regression could be estimated by @ times of univariate
smoothers. The asymptotic bias and variance as well as smoothing parameter
selection method are derived. Simulations show that the method works quite

well. The techniques are illustrated by application to exchange rate data.

Keywords: Conditional distribution; Conditional quantiles; Copula; High-
dimension; Local quadratic regression; nonparametric estimation; Partial deriva-
tive; Semiparametric estimation.

1 Multivariate nonparametric regression

The ever-growing number of high-dimensional, super-large databases requires ef-
fective analysis techniques to deal with a large number of independent variables in
the model. These models include, but are not limited to, the following regression
quantities:

1) Conditional mean M (z) = E(Y|X = x);
2) Conditional distribution function F(y|z) = Pr[Y < y|X = z];

3) Conditional quantiles, or quantile regression @, (x) with Pr[Y < Q,(z)|X =
r]=p, 0<p<l.

Where both X and Y are random variables.

While estimating a conditional distribution is an important feature of many
statistical problems, the problem of characterising the dependency between ran-
dom variables at a given quantile is also an important issue (Koenker, 2005),
especially if the distributions of the variables involved are fat tails or/and skew as
is standard with many important economic variables such as financial returns as
well as biological variables such as body weight. In addition, extreme quantiles of



a conditional distribution are useful to be used for measuring value-at-risk (VaR)
in finance, flooding quantiles and risk level in environment and public health.

One familiar estimation approach begins by assuming that, for example, M (x)
belongs to a known, finite dimensional, parametric family of functions. That is,
M(z) = G(z,q) for almost every x in the support of X, where G is a known
function and ¢ is a finite-dimensional vector. If G(x,q) is the true conditional
mean function for some ¢ and certain regularity conditions are satisfied, then ¢
and G can be estimated consistently (by least squares among other ways) with
n~Y2? rates of convergence in probability. The estimation results can be highly
misleading, however, if G(z,q) is misspecified, meaning that there is no ¢ such
that M(z) = G(x, q) for almost every .

The possibility of misspecification can be largely eliminated by estimating
nonparametrically (Hdardle and Linton, 1994). In recent years there has been
increased interest in using nonparametric methods for high-dimensional data
analysis. For example, Nadaraya-Watson type estimators for M (z) and F(y|z):

M(z) = %'::nl K;S;i’();/z, and F(y|z) = Zi:zl:fh(j{j((i)y;éy), where K is a kernel
i=1 g A

function with h = (hy, ..., hq) and Ky(z — X;) = Kp(21 — X1, ..., £g — Xig). When
X is multidimensional, however, many nonparametric methods do not perform
well in this case. The problem of rapidly increasing variance for increasing dimen-
sionality is sometimes referred to as the “curse of dimensionality”, a phenomenon
that the data points are sparse in the high dimensional sample space even if the
sample size is large (Silverman, 1986).

Hence avoiding the curse of dimensionality with multivariate regression is
expected. One well-known model is the semiparametric single-index modelling
M(x) = G(B'x), where B is an unknown d x 1 vector, G is an unknown function
and the quantity 3z is called an index. The index aggregates the dimensions of ,
thereby achieving dimension reduction. The other class of models for multivari-
ate regression are additive models (Buja, Hastie and Tibshirani, 1989; Hastie and
Tibshirani, 1990), which have been popular among statisticians and data analysts
in multivariate nonparametric regression. In such a model, M (z) = X¢_, fu(z*),
where z* is the k’th component of z and the functions f; are unknown. But
the restriction to additivity does not allow every conceivable type of response
surface to be accurately described. Instead, few theoretical results but not prac-
tical implementation (Yu, Park and Mammen, 2008; Horowitz and Mammen,
2007; Horowitz, 2001) considered M (x) = G(X¢_, fx(z*)), with G known or un-
known. In terms of estimation of Q,(z) and F(y|z), Horowitz and Lee (2005, Yu
and Lu (2004) and De Gooijer and Zerom (2003) considered additive models for
multivariate quantile regression, and Hall and Yao (2005) proposed a dimension
reduction method to estimate not the distribution of Y|X, but that of Y |0X,
where the unit vector 6 is selected so that the approximation is optimal under a
least-squares criterion.

The proposed method in this paper seeks direct estimation multivariate dis-



tribution of Y|X and quantile regression by simple univariate smoothers. The
paper is organised as follows. Section 2 describes copula based representation of
multivariate conditional distribution and quantile regression. Section 3 carries
out the first simulation using semiparametric models. Section 4 proposes local
univariate quadratic regression for multivariate analysis. Section 5 outlines some
theoretic results and bandwidth selection as well as further simulation. Section 6
applies the method for a real data analysis. Section 7 presents a brief discussion
of the method.

2 Copula for multivariate conditional distribu-
tion

2.1 Copula

The concept of copulas was introduced by Sklar (1959), and has for a long time
been recognized as a powerful tool for modeling dependence between random
variables.

A copula function is a multivariate distribution function with unknown uni-
variate marginal distributions. For example, a bivariate copula is a function
C :[0,1] x [0,1] — [0, 1] such that:

1. For (u,v) € [0,1]%,
C(u,0) = C(0,v) =0, C(u,1) =u, and C(1,v) =wv.

2. (Ul,’Ul,Ug,U2> € [O, 1]4, (751 S U and V1 S V2,

C(UQ, UQ) — C(ul, UQ) — C(UQ, Ul) + C(ul, Ul) Z 0
Sklar’s theorem states that every multivariate distribution F' with marginals
Fy, Fy, ..., Fy can be written as
F(Il) EES) CCd) = C<F1(I1)) F2(x2)7 ey Fd(l‘d))

for some copula C. In particular, let X and Y be two random variables with
joint distribution F' and continuous marginal distributions. Then there exists a
unique copula C' satisfying

F(r,y) = C(Fx(z), Fy (y)).

One copula that we will refer to frequently in this paper is the Gaussian cop-
ula. Let @,(.,.) be the distribution function of the bivariate normal distribution
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with mean zero, variances 1, and the correlation coefficient . Then the Gaussian
copula is given by
Cu, v50) = 0@ (1), (1),

where 0 < u,v < 1 and ®(.) is the distribution function of a standard normal
random variable. By Sklar’s theorem, for any two marginal distribution functions
Fx(x) and Fy(.), the distribution defined as

H(z,y) = C(Fx(x), Fy(y); ) = @a(® (Fx(2)), 2~ (v (y)))

is a bivariate distribution function whose marginals are Fx(x) and Fy(.) respec-
tively. Hence Sklar’s theorem allows one to construct bivariate distributions with
non-Normal marginal distributions and the Gaussian copula. Different copulas
typically exhibit different dependence properties. Joe (1997), Nelsen (1999) and
Bouyé and Salmon (2002) contain excellent discussions of various dependence
measures and of dependence properties of numerous parametric copulas.

Another popular copula family is the Archimedean copula, which includes
the Clayton copula

S

Clu,v) = (u " +vf —1)77,

and Frank copula

1
C(u,v;0) = —= log(l +

(exp(—du) — 1)(exp(—du) — 1)>
5 .

exp(—d) —1
Where 6 > 0 and 6 # 0.

2.2 Copula for conditional distribution

Let W be the partial derivative of C'(u,v) over u, the conditional distribution
F(y|z) can be given by

OC(Fx(x), Fy(y))
OFx(z) (1)

Fylr) =

for some bivariate copula C'(u,v). For example, for the Gaussian copula we have

oC (u,v;a) cI)<(I)_1(U) - <I>_1(u)>
ou B V1 —a? 7
and for the Frank copula, we have

0C (u,v;9)

20— exp(—u)(1 - exp(~6))(1 = exp(—0v)) ™! — (1 — exp(~5u))) ",

When X = z with z = ( il ) , F(y|x) can be specified by three partial
2

derivatives of bivariate copula and marginal distributions. In fact, there is a
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copula Cy ;, |z, such that

80?4@1\3:2 (F(371|372)> F(y\xz))

F xIr) = )
(ylz) IF (1 ]a)
and there are copulas Cy, ,, and Cy, ,, respectively such that F'(y|z2) = 60%12511;&2;7 =
and F(xq|zq) = aCIl’”é?EiZ%’F(wl)).
T
Similarly, when dimension d = 3 with x = | zy |, F(y|z) can be specified
T3
as
Flyle) = OCy 1 [zy 25 (F (ylT2, 23), F($1|$2,9€3)7
(9F(x1\x2, 3133)
where
F _ 1,%2|T3 )
(I1’$2,I3) aF($2|[E3) 3
oC (F'(y|ws), F(wz|rs))
F _ y,z2|x3 )
(y’l'27373) aF(l’2|l‘3) )
and
0Cy, 25 (F(21), F(x3))
F — 1,L3 U
(z1]2s) OF (1) ’
OC, 25 (F(22), F(x3))
F — 2,43 ?
(z2lzs) OF (z3) ’
ICy s (F(y), F(x3))
F — Y,Z3 ’
(y|x3> 6F(373) )
which involves in total 6= 142=3 partial derivatives of bivariate copula.
T
T2
In general, for a d—dimensional x = " |, the conditional distribution
Td
F(y|z) may be estimated in terms of @ times partial derivatives of bivariate

copulae.

2.3 Copula for conditional quantiles

Given value of z, the pth (0 < p < 1) conditional quantile denoted by Q,(z) of
Y is the solution y of

F(y|z) = p.
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Once we have F(y|x) being specified by the partial derivative of a bivariate
copula, we can obtain an estimate of @),(x). For example, when X = z with

e ( il )  Qplw) = By <(p_1f-0 —Du™’+ 1)_é|x2>, under the Clayton copula
2

if we employ the bivariate Clayton copula C(u,v) = (u™? 4 v=¢ — 1)74. Sim-
ilarly, Q,(z) = F§1<®(p¢1(u) + Vv1-— p2<I>1(p))|x2> under Gaussian copula

and Q,(z) = FY1<_5—110g(1 et = D)A+ e pt - 1)))|x2> under Frank
copula. Where u = F(z1|x).

3 Simulation studies

Given variables (X,Y’) and their observations, if those bivariate copulas belong
to some known parametric families, then combining copula parameter estimation
and nonparametric marginal distribution estimation results in a semiparametric
version of multivariate conditional distribution. Before we introduce a fully non-
parametric method in Section 4, we carry out some simulation studies for this
semiparametric method. That is, we employ parametric copula estimation such
as maximum likelihood estimation and empirical marginal distribution estimation
to illustrate the efficiency of the proposed method.

Consider a model
2 11, 1
y:?—7x1+?$2+6,

10 3
= (53)

and € ~ N (0, \ﬂ32 /7)). Figures 1 and 2 display the true conditional distributions
F(y|z1, 29 = 0) and F(y|x; = 0,29). We compare the proposed estimate with the
Y Kn(z—X) I(Yi<y
N 2 iy Kn(@=Xi)

with ($1,$2) ~ NQ(O,Z),

) and use least-squares

Nadaraya-Watson estimator F'(y|z)

cross-validation bandwidth selection.
put Figures 1 and 2 here.

Following Section 2.2, we use Clayton Copula to model the joint distribution
of (x1,x2) then obtain an estimate of F(z1|xe). The parameter o in Clayton
copula is typically around & = 18.05 with each simulated sample of 200. Sim-
ilarly, we use Gaussian copula for the estimation of F(y|zs) and Frank copula
for the estimation of F(y|xi,z2). For each simulated sample of n = 200, the
performance of each estimator is evaluated in terms of Mean Absolute Derivation

Error (MADE)
MADE — Zi=l | (yilz:) — F(y,|x2)|
n




Figure 3 compares the performance of the proposed estimator and the Nadaraya-
Watson estimator.

put Figure 3.

Also based on the simulated model above and following Section 2.3, we con-
tinue the estimation of a 5% conditional quantile (see Figure 4) and plot the
performance of the semiparametric method and Nadaraya-Watson based quan-
tile estimator in Figure 5.

put Figures 4 and 5.

Clearly, the proposed semiparametric method for multivariate F(y|x) and
(Qp(x) is simple and promising for the simulated model. We also carried out more
simulations by increasing the dimensions of = to 3 and 4 and the conclusions are
consistently almost same.

4 Local univariate quadratic regression

4.1 Nonparametric regression for the partial derivatives
of copula

Section 3 has demonstrated that the copula based univariate approach for multi-
variate conditional distribution and quantile regression is practicable. However,
the choice of copula family is crucial, for example, for pricing the contract in
finance. There is an uncertainty in choosing the right copula family (Embrechts,
Lindskog and McNeil, 2003).

If the true copula is assumed to belong to a parametric family, then maximum
likelihood method would be applied for copula estimation and the implementation
of this method can be found in copula package in R. Like parametric regression,
however, parametric based copula estimation may be misspecifiction, so nonpara-
metric copula estimation may be a good alternative.

A few copulas such as Gaussian copula, student’s ¢ copula and Archimedean
copula family (Nelsen, 1999) have been explored for application. Aas (2004) made
a survey of four copulas and his comparison shows that the choice of copula can
affect the joint distribution very seriously.

Chen and Huang (2005) and Fermanian and Scaillet (2003) have developed
nonparametric estimation of copula. Basically, the idea behind nonparametric
estimation is to estimate the joint copula via kernel smoothing. Typically, let K
be a symmetric kernel supported on [-1, 1], G(t) = [*_ K (z)dx be the derived
distribution function from K, then for the observation {X;,Y;}" , of (X,Y), the



kernel estimation of copula C'(u,v) is given by

e (u - %(XJ)C;(U - i’;(iﬁ))

=1

1
n

Where Fy(.) and Fy(.) are the kernel estimation of marginal distributions Fx.)
and Fy(.) respectively, and h is the bandwidth. The estimated copula may be
useful for estimating copula quantile regression. However, it is impractical to do
multivariate kernel distribution (density) estimation in the real situations such as
when there are multiple factors to affect the value of option. Multivariate kernel
density estimation usually suffer from the curse of dimensionality.

Moreover, in terms of conditional distribution and quantile estimation via
copula, we don’t need the whole copula but the partial derivative of the copula.

Note that
C(u,v) = C(u)C(v|u),

and C(u) = u, we have

0 0
%C’(u,v) = C(v|u) + U%C(Mu)

Also note that
C(vju) = E[I(V <v)|U = u,
for each (u,v) € [0,1]?, we discuss the estimation of conditional copula C(v|u)
and its derivative a%C’ (v|u) in order to estimate copula quantile regression.

Rewrite
o C(vlu)
a—C’(u v) = (Lu,0)| ZCu) |,
u
1CE0 (v]u)
we advise the local quadratic kernel estimation based on the minimization of

n

Z(z(m <) —a—b{Ui —u) — e(U; — u)2)2 Kn(u—U,).

i=1

This minimization is the standard local polynomial kernel smoothing estimation
of conditional expectation E[I(V < v)|U = u] (Wand and Jones, 1995; Fan and
Gijbels, 1996). Let a and b be the estimators of a and b of the minimization,
then according to local quadratic regression theory, a and b estimate C (v|u) and
2 C(v|u) respectively. We need to obtain @ times a and b repeatedly for a
d—dimensional covariate X. When @ and b estimate the final C (v|u), we may be

able to define the solution v of the following equation
p=Clu)=a + ub

as the estimation of copula quantile and denote it by (Q)p(u). Then the relationship
between @),(x) and @Q,(u) is given by Q,(x) = Y|X (Qp(u) with u = F(z1|z2).
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4.2 Local univariate quadratic regression

We focus on the minimization of

n

Z(I(Vi <v)—a—b—c(U —u)*(U; — u))2 Kp(u—U;).

i=1

Let K; = Kp(*5%), tn; = S0y (Xs — 2)/ K I(V; < v), j = 0,1,2 and s, =

S (X —x)' K, r=0,1,2,3,4, from

tho = @Spo+bsy1+cspa

tn1 aSp1+bSpo+cSys

tha = aSpa+bspz+cCsna
a(u,v) is given by
row (V<
d(u,v)— Zz lw:; ( 1 U)’
Zi:l wz
with
with )
A (Sn,lsn,él - Sn,23n,3) A (Sn718”73 - Sn,2)
by = 2503) -, = n2)
Sn,28n4 — Sn,3 Sn,28n4 — Sn73

The weight function may be negative then result in no CDF for C'(v|u). A simple
solution is to modify w; to exclude negative values. (We then redefine the weights
as follows

0 if 0y (U; — u) — 05(U; — u)? > 1

wi(u) =

A~

This modification is asymptotically negligible, but constrains a(u,v) to be a
valid CDF.

Similarly, we have

. Sn,3 (tn,O - asn,O)

b(u,v) = :
5n,2 (tn,l - &Sn,l>

Hence the estimator of %C (u,v) is given by

o . .
%C(u, v) = a(u,v) +ub(u,v).



4.3 Steps of estimation

Take z = il as an example. Let Fy, (1), Fix,(22) and Fy (y) be the marginal
2

estimators. Then, the steps of estimation are given by
(1) Letting U = Fx, (X1), V = Fx,(X2);

(2) Obtain a(u,v) and b(u,v) by local quadratic regression;

~

(3) Estimate F(21]xs) by F(ay|2s) = (d(u,v) + Ub@“})) A : ;
U=Fx, (z1),V=Fx,(z2)

(4) Repeat the steps (1)—(3) for F(y|z;) and F(yl|z);
)

5) Obtain the value v from the last a(u,v) +ub(u,v) = p and denoted it by
).

I

(
Qp(u

(5) Estimate Q,(z) by Q,(z) = F;llXQ (Qp(u)) with u = F(x1]z2).

5 Theoretic results and bandwidth selection

It is clear from the discussion in Sections 2, 3 and 4 that the estimation of
partial derivative of a copula plays a key role in the proposed method. While
local polynomial has been suggested for our nonparametric estimation we aim at
outlying some theoretic properties of the estimation and associated bandwidth
selection.

C(v|u)
Let vector B = (a, b, )" = | COO(v|u) |[. Under local quadratic fitting
10O (v]u)
of Section 4, let B = (a, b, ¢)T be the estimator of 8. To derive the theoretic
property of B, we write

B = (M"WM)"'MTI(V),
where the matrix

1 Ul—U (Ul—u)2
1 UQ—U (UQ—U)2

1 U,—u (U, —u)?

=
=
A
=
=

W= diag(Kh(Ul—u), Kh(Un—u)>, vector I(V) = (I(Vi < v

10



C(v[th)
and vector C' = .
C (el
It can be easily seen that conditional on (Uy, ..., U,) we have

E{B} = (M"WM)'*M™W EI(V) = (M"™WM)"'M"WC,

and
Var{B} = (M*WM)"*MTW (M*"WM)~".
Sn,O Sn,l Sn,2
Following Section 4.2, let Sy = | Sp1 Sn2 Sn3 |» tn = (tnostni, tn2)?,

Sn,2 Sn,3 Sna

then (Fan and Gijbels, 1995)

B = diag(1,h™", h2)Sy 1.

For the convenience of notation, we denote

[ = /qu(u)du, v, = /qu2(u)du,

and
Mo M1 He B W 1 e 3
S=1 t p2 pz |, S=| v o vz |, p=1|
M2 H3  H4 Vg V3 Uy Hs
Assumptions:

(i) The kernel K is a continuous density function having bounded support;
(ii) C9(v|.) exists and is continuous in a neighborhood of u;
(iii) C®9(v].) # 0 and the kernel K is symmetric.

Under local quadratic fitting and symmetric kernel,

A 1
Bias(b) = 6& CBO (pu) h? + op(h2),

12%)

and )

]_ —

Bias(a) = - P26 GO0 (y|y) bt + op(h?),

6 pa — p13
therefore,
Bias (aC(Uyu)) = L HE 10 010) () Bt L 0O () B2 op () op (),

ou 24 puy — 3 6 1o

11



Note that

Ha 0 K2

pa—p3 pa—p3
S = 0o X 0 :
12
M2 1
pa—p3 pa—p3
SO - 50
9 9 pa CPO(wlu)u
E—C - —C =—— 7 h { 1 }
5wl = SOl = P o)

Similarly, from (see Chapter 3 of Fan and Gijbels, 1996)
vu)(1 = C(v|u))

Var (8) = diag(1, h, h?)~* S~15* S~ diag(1, h, h2)—10(

1 1
nh { +0P( )}a
and
P2 —2papovet+udvy Hav1—pov3 p3va—piava
(pa—np2)? p2(pa—p3) (na—n3)?
pava—popta—pavatpive V3— V1 p3+va—2p2v
(Ha—p2)? pi2 (pa—p13) (na—p3)?
we have _
a A~
Var(aC(th)) = (1,u,0)" Var (8) (1,,0)
U
C 1-C
_ (U|U)( - (U|u)>{1+0p(1)}(01+20—2uh+03u2h2),
n
2_ v 2y V1 — UL v
where o; = W&i’i—wa Oy = % and o3 = ;72
Finally, from
. 9 O(vfu) — 2C(vlu)
Qp(u) — Qp(u) ~ — 2 8C(v|1?)u ’
80(vl)
we have 1
Bias(Qp(u)) = ~ S (Bias(d) + uBias(b)) o=y (u)+
8Cvln)
and _
. 1 0
Var(Qylu)) = Var( 500l )lo-o,00-

(86’(v|u)>
ov

5.1 Bandwidth Selection

We need to address the bandwidth selection for local quadratic estimation of 3,

so Qp(u).

12



Usually, bandwidth selection is based on minimization of (asymptotic) mean
square error. Here we should use the asymptotic mean square error of 3 for
bandwidth selection. From the Chapter 3 of Yu (1997), and note that f(u) =1

1 K 4
/ E(a— a)’dv ~ R(E)V + Vih +0(n%),
-1 nh 4

where V = [1, F(v|u)(1 — F(v|u))dv, Vi = [*, F?°(v|u)?dv. We can use plug-in
method explored by Hansen (2004).

6 Further simulation studies and real data anal-
ysis

6.1 Simulation studies

We carry out some simulation studies for the estimation of the partial derivative
of a copula by local quadratic regression explored in Section 5 and implemented
in R (http://stat.ethz.ch/R-manual/R-patched/library /stats/html/loess.html).

We consider three bivariate copulas: Gaussian, Clayton and Frank copula.
Figure 6, for example, displays the estimated partial derivative of an Clayton
based on the model of Section 3.

We plot the bias and mean square errors in the box-chat to illustrate the
accuracy.

put Figure 6 here.

6.2 Real data analysis

The data was obtained from PACIFIC Exchange Rate Service at Sauder School
of Business, UBC.

We use weekly FX data from 1/1/1993 to 31/12/2005. The four different rate
we choose are: European Euros to U.S Dollars, British Pounds to U.S.Dollars and
Japanese Yen to U.S.Dollars. There are 676 observations for each FX rate. Figure
7 display the 3-pair exchange rates.

put Figures 7 and 8 here.

Let z1, xo and x3 be the returns of the exchange rates of US$/FEURO,
US$/JPY and US$/POUN D respectively. Figure 8 display the returns.

13



Figures 9 and 10 illustrate the two-dimensional (x; conditional on x5 and x3)
and one-dimensional (x3 given x5) conditional quantiles of returns respectively.

put Figures 9 and 10 here.

In particular for US$/POUN D against US$/JPY, we see high dependence
in the lower tail for the pairs of rates and reasonable low dependence in the upper
tail.

7 Discussion

Development of new methodologies for multivariate data analysis has exploded
over the last decade in an effort to mine interesting information from the data.
The original additive models approximate a regression function by additive uni-
variate functions, which overcome successfully the difficulty caused by the curse
of dimensionality. But since they ignore any interactions between regressors they
are not sufficiently flexible to cope with the case where interactions are of con-
cern. Sklar theorem in Copula studies can help to describe the dependence be-
tween high-dimensional random variables via marginal distributions. We study
nonparametric conditional distribution and quantile regression estimation by ker-
nel weighted local quadratic fitting. We show that a d-dimensional multivari-
ate F(y|r) and @Q,(x) can be estimated by d(d + 1)/2 times of local univariate
smoothers.

Additive models are usually fitted by backfitting algorithm whereas the pro-
posed models employ directly mean regression computing without involving any
iteration. When d is moderate big, the computing for the proposed method is
not a problem though d(d + 1)/2 is not a small number for very large d.
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Fig. 1. True conditional distributions F(y|x;,z, = 0)
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Fig. 2. True conditional distributions F(y|x; = 0, x2)
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Fig. 3. boxplots of MADEs for estimating CDF
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Fig. 4. True 5% conditional quantile
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Fig. 6. Estimated partial derivative of Clayton copula
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Fig. 7. 3-pair exchange rates with FX data
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Fig. 8. 3-pair exchange rate returns with FX data
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Fig. 9. 5% conditional quantile of US$/EURO conditional on
(US$/JPY, US$/POUND)
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