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Parameter estimation of an interest rate model via
an HMM filtering method in discrete time

Christina Erlwein∗ Rogemar Mamon∗ †

Abstract

This paper considers the implementation of a mean-reverting interest rate model
with Markov-modulated parameters. Hidden Markov model filtering techniques in
Elliott [8] and Elliott et al. [9] are employed to obtain optimal estimates of the
model parameters via recursive filters of auxiliary quantities of the observation pro-
cess. Algorithms are developed and implemented on a financial data set of 30-day
T-bill yields. We found that within the data set and period studied, a model with
three regimes is sufficient to describe the interest rate dynamics on the basis of very
small predictions errors.

Keywords: term structure - regime-switching model - change of probability mea-
sure technique - optimal parameter estimation - hidden Markov model

1 Introduction

The short term interest rate is a key variable in financial modelling because of its impor-
tance in pricing and hedging of fixed income securities and other financial derivatives.
Well-known short rate models include the no-arbitrage single-factor model of Vasicek
[27], where the interest rate is mean-reverting and its extension developed by Hull and
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White [21]. The mean reversion level in the Hull-White model is time varying and the
yield curve can be fitted to today’s term structure. Cox, Ingersoll and Ross [5] on the
other hand proposed a single-factor model, where positive interest rates are guaranteed.
Multi-factor models by Duffie and Kan [7] and by Longstaff and Schwartz [23] are able
to provide a better fit to the yield curve, but the analysis and parameter estimation for
these models are more difficult. Other popular interest rate models are the lognormal
short rate model of Black and Karasinski [3] and the Heath-Jarrow-Morton methodol-
ogy [20], where the entire forward-rate curve is modelled. A detailed discussion of these
models can be found in Brigo and Mercurio [4].

Most recent term structure models include the possibility of regime-switching for short-
term interest rates. Garcia and Perron [17] analysed the time series behaviour of U.S.
real interest rates from 1961 to 1986 and found empirical evidence for jumps caused by
important structural events. Hamilton [19] introduced changes in regimes by modelling
parameters of an autoregression with a discrete Markov chain applied to a business cycle.
Gray [18] used a generalised regime-switching model for short-term interest rates, which
allows mean-reversion and captures conditional heteroskedasticity. The model outper-
forms single-regime models in out-of-sample forecasting. Similar evidence supporting
good performance of regime-switching short-term interest-rate models is described by
Bansal and Zhou [2]. Here the efficient method of moments is used for the estimation
of the model parameters. Amongst others, Naik and Lee [24] and Evans [15] include
regime-switching in short-term interest rate models. Driffill, Kenc and Sola [6] found
empirical evidence, that regime shifts add more realism to interest rate models. A study
by Smith [26] supports Markov switching models over stochastic volatility models, be-
cause the volatility seems to depend on the level of the short rate.

Landen [22] developed a hidden Markov model (HMM) for short-term interest rates,
where drift and diffusion parameters are modulated by an underlying Markov process.
Whilst the paper of Elliott, Fischer and Platen [11] addresses the HMM filtering of a
mean-reverting model, the derived filters are in continuous time setting and only a sim-
ulation is given. In a model by Elliott, Hunter and Jamieson [12] the short rate process
r is a function of a Markov chain. A closed form solution for bond prices, where the
underlying short rate is modelled by a mean reversion level governed by a continuous
time Markov chain is derived in related work of Elliott and Mamon [13], however the
volatility process is constant in their model formulation.

A central concern for these models is parameter estimation. In this paper we provide re-
cursive estimates for the parameters following the approach of Elliott [8] in discrete time.
We demonstrate the calculation of exact adaptive filters for Markov chains observed in
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Gaussian noise together with the recursive filters for the jump process and occupation
times. These filters provide optimal estimates of the parameters of the proposed interest
rate model. All calculations are made under an idealised measureP̄ , equivalently to the
real world measureP.

The paper is organised as follows. Section 2 describes the model framework and a
discussion on how to incorporate a HMM in the single-factor Hull-White [21] model. In
section 3, related processes of the Markov chain are estimated using the filtering tech-
nique. The recursive parameter estimations are outlined in Section 4. In Section 5,
one-step-ahead forecasts for short-term interest rates are generated on 30-day Treasury-
bill rates. The last section concludes with some remarks on the results of the model
implementation.

2 Model description

The short term interest rate in the Hull-White model [21] follows the stochastic differ-
ential equation (SDE)

drt = [θt − atrt] dt + ξt dWt. (1)

The parametersat, θt andξt are deterministic functions andθt is chosen so that the model
matches the initial term structure. In equation (1),W = {Wt : 0 ≤ t ≤ T} is a Wiener
process independent ofθt. The volatility of the short rate is described byξt whilst at is
the mean-reversion rate.

We can re-arrange the SDE in (1) to get

drt = at[βt − rt] dt + ξt dWt (2)

whereβ = θ
a
. Equation (2) is a particular case of the Ornstein-Uhlenbeck process with

mean reversion levelβ. It has the solution

rt = r0e
−at + (1− e−at)β + ξe−at

∫ t

0

eau dWu . (3)

Throughout the succeeding discussion, all vectors will be denoted by bold letters in low-
ercase whilst matrices will be denoted by English or Greek letters in uppercase.

In this exposition, it is supposed that the short rate processr can be proxied by the
yield rates of T-bills with very short maturity observed in discrete time. A discrete
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Markov chainxk, which represents the state of the economy, is assumed hidden in these
observed values. Let(Ω,F , P ) be the underlying probability space of a homogeneous
Markov chainxk with finite state in discrete time(k = 0, 1, ...). The distribution ofx0 is
known and the state space ofxk is associated with the canonical basis{e1, e2, ..., en} of
Rn. Theith vectorei is given byei = (0, ..., 1, ..., 0)′, where′ denotes the transpose. Let
F0

k = σ{x0, . . . ,xk} be theσ−field generated byx0, . . . ,xk, andFk be the complete
filtration generated byF0

k . Furthermore letRk denote the complete filtration generated
by r, so thatHk = Fk ∨Rk is the global filtration generated byx andr.

Under the real world probability measureP, the Markov chainx has dynamics

xk+1 = Πxk + vk+1 (4)

wherevk+1 is a martingale increment with E[vk+1 | Fk] = 0, Π = (πji) is the transition
probability matrix andπji = P (xk+1 = ej|xk = ei).

In our proposed model, the interest rater follows the stochastic process

drt = a(xt)[β(xt)− rt] dt + ξ(xt) dWt (5)

for r0 ≥ 0 with a(xt) = 〈a,xt〉, β(xt) = 〈β,xt〉 andξ(xt) = 〈ξ,xt〉, where〈·, ·〉 is the
usual Euclidean scalar product. All three parameters are governed by a Markov chain,
which ensures, that the model is switching from one economic regime to another through
time.

Consider the interest rate process over the time interval[s, t]. Then, if t − s is small
andx is constant over this interval, the solution of equation (5), after invoking (3), is

rt = e−a(xs)(t−s)rs + β(xs)(1− e−a(xs)(t−s))

+ξ(xs)e
−a(xs)t

∫ t

s

ea(xs)udWu (6)

The stochastic integrale−a(xs)t
∫ t

s
ea(xs)udWu in (6) is normally distributed with mean

zero and variance
∫ t

s

e2a(xs)(u−t)du =
(1− e−2a(xs)(t−s))

2a(xs)
.

From equation(6) we can derive the discrete representation of the interest rate as

rk+1 = α(xk)rk + γ(xk) + η(xk)zk+1 (7)
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where we setα(xk) = e−a(xk)∆ , γ(xk) = β(xk)(1 − e−a(xk)∆) and η(xk) =

ξ(xk)
√

1−e−2a(xk)∆

2a(xk)
. Here,{xk} is a discrete-time Markov chain and{zk} is a sequence

of IID standard normal random variables.

Now we assume that we have a series of yield observations{yk : k ∈ N} of the form

yk+1 = α(xk)yk + γ(xk) + η(xk)zk+1 . (8)

The filtrations generated by the processes are defined byFy = σ(y1, y2, ...), Fx =
σ(x1,x2, ...) andG = Fy ∨ Fx . We start with a reference probability measureP̄
under which we can find optimal estimates for the unobservable processx and related
quantities. To back out the real world measureP from P̄ we follow Elliott, Aggoun and
Moore [9], Chapter 8. We define the measureP by dP

dP̄
|Gt= Λ̄t with

λ̄l = exp
[−〈α,xl−1〉yl−1 + 〈γ,xl−1〉

〈η,xl−1〉 · yl

〈η,xl−1〉
− (〈α,xl−1〉yl−1 + 〈γ,xl−1〉)2

2〈η,xl−1〉2
]

(9)

Λ̄l =
l∏

k=1

λ̄k (10)

with Λ̄0 = 1, {λ̄l : λ̄ ∈ N+} and{Λ̄l : l ∈ N}. The process{Λ̄l} is aG-martingale under
P̄ .

3 Calculation of filters

We wish to determine the expectation of anyG−adapted stochastic processH given the
filtrationFy

k . Using Bayes-theorem, a filter for any adapted processH is given by

E [Hk | Fy
k ] =

E
[
HkΛ̄k | Fy

k

]

E
[
Λ̄k | Fy

k

] .

We defineσ(Hk) := E
[
HkΛ̄k | Fy

k

]
, so thatE

[
Hk | Fy

k

]
= σ(Hk)

σ(1)
. Clearly,σ(H0) =

E[H0]. We shall find a recursive formula forσ(Hk−1xk−1). SinceH is a scalar,σ(Hk−1xk−1)
is a vector. To relateσ(Hk) andσ(Hkxk) we note that〈1,xk〉 = 1. Hence,

〈1, σ(Hkxk)〉 = σ(Hk〈1,xk〉) = σ(Hk). (11)
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ThereforeE
[
Hk | Fy

k

]
= 〈1,σ(Hkxk)〉

〈1,σ(xk)〉 . SupposeHl is a scalarG−adapted process,H0 is
Fx

0 measurable and

Hl = Hl−1 + al + 〈bl,vl〉+ glf(yl) (12)

wherea, b andg areG-predictable,f is a scalar-valued function and
vl = xl + Πxl−1. From theorem 5.3 of Elliott [8], a recursive relation forσk(Hkxk) is
given by

σk(Hkxk) =
n∑

i=1

Γi(yk)
[〈ei, σk−1(Hk−1xk−1)〉Πei

+ 〈ei, σk−1(akxk−1)〉Πei

+ (diag(Πei)−Πei ⊗Πei)σk−1(bk〈ei,xk−1〉)
+ σk−1(gk〈ei,xk−1〉)f(yk)Πei

]
(13)

with

Γi(yl) = exp

[
−αiyl−1 + γi

ηi

· yl

ηi

− (αiyl−1 + γi)
2

2η2
i

]
(14)

where⊗ denotes the tensor product of vectors inRn and diag(B) is a diagonal matrixB
with (b1, b2, ..., bN)′ in the diagonal.

4 Recursive estimation of processes

Now, for the estimation of the unknown parameters we need an estimator for the state of
the Markov chain as well as for the three related processes. These processes are special
cases of the general formHl = Hl−1+al+〈bl,vl〉+glf(yl), whereH0 isFx

0 measurable.

The estimatorσ(xk) can be derived fromσ(Hkxk) by settingHk = 1, ak = 0, bk = 0
andgk = 0. From (13), this implies

σ(xk) =
N∑

i=1

Γi(yk)〈ei, σk−1(xk−1)〉Πei . (15)

Let Jsr
k represent the number of jumps ofxk from stateer to statees in timek. So,

Jsr
k =

k∑

l=1

〈xl−1, er〉〈xl, es〉

= Jsr
k−1 + 〈xk−1, er〉πsr + 〈xk−1, er〉〈vk, es〉 . (16)
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SettingHk = J
(sr)
k ,H0 = 0, ak = 〈xk−1, er〉πsr, bk = 〈xk−1, er〉e′s and gk = 0 in

equation (13) we get

σk(J
sr
k xk) =

N∑
i=1

Γi(yk)E
[
σk−1〈xk−1, ei〉{Jsr

k−1Πei + 〈xk−1, er〉πsrΠei

+〈xk−1, er〉e′s(diagΠei −Πei ⊗Πei)}
]

=
N∑

i=1

Γ(yk)〈σk−1(J
sr
k−1xk−1), ei〉Πei

+Γr(yk)σk−1(〈xk−1, er〉)πsres . (17)

Let Or
k denote the occupation time of the Markov processx, that is the length of timex

spent in stater up to timek. Then,

Or
k =

k∑

l=1

〈xl−1, er〉 = Or
k−1 + 〈xk−1, er〉 (18)

Here we setHk = Or
k, H0 = 0, ak = 〈xk−1, er〉, bk = 0 andgk = 0 in equation (13) to

obtain

σk(O
r
kxk) =

N∑
i=1

Γi(yk){〈σk−1(O
r
k−1xk−1), ei〉Πei

+σk−1(〈xk−1, er〉〈xk−1, ei〉)Πei}

=
N∑

i=1

Γi(yk)〈σk−1(O
r
k−1xk−1, ei〉Πei

+Γr(yk)〈σk−1(xk−1), er〉Πer . (19)

Finally, define the processT r
k (f) as

T r
k (f) :=

k∑

l=1

〈xl−1, er〉f(yl)

= T r
k−1(f) + 〈xk−1, er〉f(yk) (20)

wheref is a function of the formf(y) = y, f(y) = y2 or f(y) = yl+1yl, 1 ≤ l ≤ k.
We apply formula (13) with substitutionHk = T r

k (g), H0 = 0, ak = 0, bk = 0 and
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gk = 〈xk−1, er〉 and get

σk(T
r
k (f)xk) =

N∑
i=1

Γi(yk){〈σk−1(T
r
k−1(f)xk−1), ei〉Πei

+σk−1(〈xk−1, er〉〈xk−1, ei〉)f(yk)Πei}

=
N∑

i=1

Γi(yk){〈σk−1(T
r
k−1(f)xk−1), ei〉Πei

+Γr(yk)〈σk−1(xk−1), er〉f(yk)Πer (21)

The recursive optimal estimates ofJ, O andT can be calculated using equation (11).

5 Parameter estimation

In this section we discuss the estimation of the model parameters for the observation
process

yk+1 = α(xk)yk + γ(xk) + η(xk)zk+1 (22)

and the transition probability matrixΠ of the Markov chain. The set of parametersρ,
which determines our model is

ρ = {πji, αi, γi, ηi, 1 ≤ i, j ≤ n}. (23)

Initial values of these parameters are assumed to be given. With the EM algorithm
(see [10] for details) we wish to find a new set of parametersρ̂, which maximises the
conditional expectation of the log-likelihoods. WritêHl = E[Hl|Yk]. To find an estimate
for the transition probability matrixΠ = πji, where

∑n
i πji = 1 we consider the Radon-

Nikodym derivative

dP̂

dP

∣∣∣∣∣
Yk

= Λk =
k∏

l=1

(
n∑

r,s=1

(
π̂sr

πsr

)〈xl,es〉〈xl−1,er〉
)

with Λ0 = 1

The log-likelihood is therefore

log Λk =
n∑
s,r

Jsr
k log π̂sr + Remainder
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where the remainder does not involveπ̂sr. Subject to the constraint
∑n

i π̂ji = 1 we
maximise the log-likelihood. Consequently, the optimal estimates for the parameters
π̂, α̂, γ̂, η̂ are

π̂ji =
Ĵ ji

l

Ôi
l

(24)

α̂i =
T̂ i

l (yl+1, yl)− T̂ i
l (y)γi

T̂ i
l (y

2)
(25)

γ̂i =
T̂ i

l+1(y)− T̂ i
l (y)α̂i

Ôi
l

(26)

η̂i =
T̂ i

l+1(y
2) + α̂2

i T̂
i
l (y

2) + γ̂2
i Ô

i
l − 2α̂iT̂

i
l (yl+1, yl)

Ôi
l

− 2γ̂iT̂
i
l+1(y) + 2α̂iγ̂iT̂

i
l (y)

Ôi
l

. (27)

The sketch of the proofs of equations(25) − (27) are provided in the Appendix. As in
Elliott, Sick and Stein [14] the first parameterα is updated using the parameter estimate
γ from the previous calculated optimal parameter set. However, onceα is updated, this
new optimal parameter estimate is used for updating the remaining parameters. Evi-
dently, the above parameter estimates rely on the processesσ(J ji

k ), σ(Oi
k) andσ(T i

k(f)),
which were explicitly specified by recursive equations(17), (19) and(21), respectively.
Since these optimal estimates are updated upon the arrival of new information through-
out the implementation the filtering procedure produces a self-calibrating model.

6 Implementation

We use 30-day Treasury-bill rates as a proxy for the short-term interest rates. The data
set is compiled by the Bank of Canada and consists of daily 30-day Treasury-bill yields
between 1996 and 2005 and there are 2500 data points in total. The data is processed
in batches of 20 data points, therefore the parameters are roughly updated monthly. For
this data set, the parameters were updated 125 times.

A preliminary analysis of the actual data reveals that evolution of the T-bill rates un-
dergoes several distinct regimes characterised by states with high and low means as well
as high and low standard deviations. The regime-switching model is developed to cap-
ture this particular behaviour. Tables 1 and 2 present the segregation of actual data into
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either two or three states.

Table 1:Segregation of the period of actual data into 2 states

Table 2:Segregation of the period of actual data into 3 states

The calculated means and standard deviations are used as rough guides for the initial
values in estimating the parametersα, γ, η and the transition probability matrixΠ. The
values of the parameters after 125 passes are also included in Tables 3 and 4.

The one-step ahead predicted yields of the T-bill rates are calculated by

E
[
yk+1 | Gk

]
= E

[
α(xk)yk + γ(xk) + η(xk)zk+1 | Gk

]

= 〈α,Πx̂k〉yk + 〈γ,Πx̂k〉 (28)
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Table 3: Results of parameter estimation for a 2-state HMM-based interest rate
model

Table 4: Results of parameter estimation for a 3-state HMM-based interest rate
model

wherex̂k = E
[
xk | Gk

]
. Figure 1 shows the actual time series and the resulting one-step

ahead forecasts for a 3-state HMM-based interest rate model between 1996 and 2005.

Apparently, we impose the number of states in the implementation. Of course, in doing
this, we are guided by the realistic features of the actual data. We put them into different
categories according to mean and standard deviation. Following the date segregation
displayed in tables 1 and 2 we generate a 1-step ahead forecast with a 2- and 3-state
HMM. It is evident that all forecasts and the actual data are very close to each other. We
did generate forecasts in a 4-state HMM-based interest rate model to see if any further
improvement can be gained. However, we did not find evidence of this. The evolution
of the parameters after 125 passes for the 3-state HMM-based interest rate model can be
seen in figure 2.

We adopt the criterion of Armstrong and Collopy [1] in assessing the goodness of
fit of the one-step ahead forecasts. We evaluate the Median Relative Absolute Error
(MdRAE) and the Median Absolute Percentage Error (MdAPE) for the 2- and 3-state
HMM respectively. Furthermore we calculate the Mean Square Error (MSE), which can
be used for a comparison of the models. The results of this error analysis are given in
Table 5.
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Figure 1:Plot of actual and one-step ahead forecasts generated by a 3-state HMM-
based interest rate model

A comparison of the MdRAE, MdAPE and MSE gives the 3-state HMM-based interest
rate model a better fit than the 2-state HMM-based model, although the error differences
between the 2-state and 3-state models is not that significant.

Table 5: An error analysis of the 2-state and 3-state HMM-based interest rate
model.
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Figure 2:Evolution of estimates for the parametersα, γ, η and the transition prob-
abilities πij for a 3-state HMM-based interest rate model
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7 Concluding remarks

By utilising HMM filtering techniques, we implemented successfully an interest rate
model in which the volatility, and both the level and speed of mean-reversion are gov-
erned by a Markov chain in discrete time. In particular, the proposed model is tested
on a financial time series of T-bill yields with very short maturity. The model possesses
self-tuning characteristics since the parameters can be updated every time a new set of
information arrives. This is made possible through the use of recursive filters developed
for the optimal estimate of the state of the Markov chain and other related quantities of
the observation process. Our empirical results show that an interest rate model with a
Hull-White specification and which allows switching between two regimes is capable
of capturing the dynamics of the short-term interest rate process. However, within the
algorithms and procedures outlined in this paper the systematic choice of initial values
and an approach to selecting the optimal number of states still largely remain unexplored
areas which warrant further analysis and research.
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Appendices

A Optimal estimate for α

To derive an optimal estimate forα we consider a new measurêP , which is defined by

dP̂

dP

∣∣∣∣∣
Yk

= Λα
k =

k∏

l=1

λα
l
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where

λα
l =

exp
(
− 1

2η2(xl)
(y2

l+1 + (α̂(xl)yl)2 + γ(xl)2 − 2yl+1α̂(xl)yl − 2yl+1γ(xl) + 2α̂(xl)ylγ(xl))
)

exp
(
− 1

2η2(xl)
(y2

l+1 + (α(xl)yl)2 + γ(xl)2 − 2yl+1α(xl)yl − 2yl+1γ(xl) + 2α(xl)ylγ(xl))
)

= exp
( 1
2η2(xl)

(α(xl)yl)2 − (α̂(xl)yl)2 − 2yl+1α(xl)yl

+ 2yl+1α̂(xl)yl + 2α(xl)ylγ(xl)− 2α̂(xl)ylγ(xl)
)
.

This means that

log Λα
k =

k∑

l=1

[
(α(xl)yl)

2 − (α̂(xl)yl)
2 − 2yl+1α(xl)yl + 2yl+1α̂(xl)yl

+ 2α(xl)ylγ(xl)− 2α̂(xl)ylγ(xl)
]
/2η2(xl)

=
k∑

l=1

( n∑
i=1

〈xl, ei〉
(
α2

i y
2
l − α̂2

i y
2
l − 2yl+1ylαi + 2yl+1ylα̂i + 2ylαiγi − 2α̂iylγi

)
/2η2

i

)

=
k∑

l=1

( n∑
i=1

〈xl, ei〉
(−α̂2

i y
2
l + 2yl+1ylα̂i − 2α̂iylγi

)
/2η2

i

)
+ R(αi)

=
n∑

i=1

(−T i
l (y

2)α̂2
i + 2T i

l (yl+1, yl)α̂i − 2T i
l (y)γiα̂i

)
/2η2

i + R(αi)

whereR(αi) is a remainder and does not containα̂. The expectation of the log-likelihood
conditional onYk is

L(α̂) = E
[
log Λα

k | Yk

]
=

n∑
i=1

(−T̂ i
l (y

2)α̂2
i + 2T̂ i

l (yl+1, yl)α̂i − 2T̂ i
l (y)γiα̂i

)
/2η2

i + R(αi)

whereĤl = E[Hl|Yk]. We differentiateL(α̂) in α̂i and equate the result to0. This gives
us the optimal choice of the parameterα̂. In particular,

(−2α̂iT̂
i
l (y

2) + 2T̂ i
l (yl+1, yl)− 2T̂ i

l (y)γi)/2η
2
i = 0,

and solving forα̂i, we get

α̂i =
T̂ i

l (yl+1, yl)− T̂ i
l (y)γi

T̂ i
l (y

2)
.
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B Optimal estimate for γ

To calculate the optimal estimatêγi we consider again the following Radon-Nikodym
derivative

dP̂

dP

∣∣∣∣∣
Yk

= Λγ
k =

k∏

l=1

exp
( 1

2η2(xl)

(
γ(xl)

2 − γ̂(xl)
2 − 2yl+1γ(xl) + 2yk+1γ̂(xl)

+ 2α(xl)ylγ(xl)− 2α(xl)ylγ̂(xl)
))

.

Now

log(Λγ
k) =

k∑

l=1

(
γ(xl)

2 − γ̂(xl)
2 − 2yl+1γ(xl) + 2yl+1γ̂(xl)

+ 2α(xl)ylγ(xl)− 2α(xl)ylγ̂(xl)
)
/2η2(xl)

=
k∑

l=1

( n∑
i=1

〈xl, ei〉
(−γ̂2

i + 2yk+1γ̂i − 2ykαiγ̂i

)
/2ηi

)
+ R(γi)

whereR(γi) is independent of̂γi. Thus

L(γ̂i) =
n∑

i=1

(−Ôi
l γ̂

2
i + 2T̂ i

l+1(y)γ̂i − 2T̂ i
l (y)αiγ̂i

)
/2ηi + R(γi).

We differentiateL(γ̂i) and set the derivative to0. The optimal choice of̂γi is given by

γ̂i =
T̂ i

l+1(y)− T̂ i
l (y)αi

Ôi
l

.

C Optimal estimate for η

To find the optimal estimatêη, we start with the Radon-Nikodym derivative

dP̂

dP

∣∣∣∣∣
Yk

= Λη
k =

k∏

l=1

η(xl)

η̂(xl)
exp

( 1

2η2(xl)

(
yl+1 − α(xl)yl − γ(xl)

)2

− 1

2η̂2(xl)

(
yl+1 − α(xl)yl − γ(xl)

)2
)

.
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Therefore the log-likelihood is

log Λη
k =

k∑

l=1

(− log(η̂(xk))− 1

2η̂2(xl)
(yl+1 − α(xl)yl − γ(xl))

2
)

+ R(η)

whereR(η) is the remainder independent ofη̂. Hence,

L(η̂) = E

[ k∑

l=1

n∑
i=1

(
−〈xl, ei〉 log η̂i − 〈xl, ei〉

2η̂2
i

∗ (
y2

l+1 + (αiyl)
2 + γ2

i − 2yl+1αiyl − 2yl+1γi − 2αiylγi

)) | Yk

]

=
n∑

i=1

(
− log η̂i(̂O)i

l −
1

2η̂2
i

T̂ i
l+1(y

2)− α2
i

2η̂2
i

T̂ i
l (y

2)− γ2
i

2η̂2
i

Ôi
l

+
αi

η̂2
i

T̂ i
l (yl+1, yl) +

γi

η̂2
i

T̂ i
l+1(y) +

αiγi

η̂2
i

T̂ i
l (y)

)
+ R(η) .

After differentiatingL(η̂) with respect tôη and maximisingL(η̂) the optimal estimate
for η may be shown as

η̂i =

√
T̂ i

l+1(y
2) + α2

i T̂
i
l (y

2) + γ2
i Ô

i
l − 2αiT̂ i

l (yl+1, yl)− 2γiT̂ i
l+1(y)− 2αiγiT̂ i

l (y)

Ôi
l

.
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